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KA¨HLER CLASSES ON UNIVERSAL MODULI SPACES AND
VOLUMINA OF QUOT SPACES
CHRISTIAN OKONEK AND ANDREI TELEMAN
Abstract. We study the natural Ka¨hler metrics on moduli spaces of stable
oriented pairs in a very general framework, and we prove a universal formula
expressing the Ka¨hler class of such a moduli space in terms of characteristic
classes of the universal bundle. We use these results to compute explicitly the
volumina of certain Quot spaces.
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1. Introduction
Let (X, g) be compact Hermitian manifold and E a C∞ Hermitian bundle on
X . Recall that a Hermitian connection A on E is called Hermite-Einstein if its
curvature FA is of type (1,1) and satisfies the Hermite-Einstein equation
(1) iΛgFA = cidE ,
for a constant c ∈ R.
The classical version of the Kobayashi-Hitchin correspondence states that a holo-
morphic bundle E over a compact Gauduchon manifold (X, g) is stable if and only
if it admits a Hermitian metric h such that the associated Chern connection AE,h
is Hermite-Einstein and irreducible. This statement has first been proved by Don-
aldson [Do1] for projective-algebraic surfaces and for projective manifolds endowed
with Hodge metrics [Do2], later by Uhlenbeck and Yau for Ka¨hler manifolds [UY1],
[UY2], and finally by Li und Yau for arbitrary compact complex manifolds endowed
with Gauduchon metrics ([LY], [LT1]).
This statement, which gives a differential geometric characterization of stability,
can be interpreted as an isomorphism between moduli spaces; more precisely, it
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yields a real analytic isomorphism
MHE(E)∗ KH−−−→ Mst(E) ,
where MHE(E)∗ is the moduli space of irreducible Hermite-Einstein connections
on E, and Mst(E) denotes the moduli space of stable holomorphic structures on
E. This geometric interpretation of the original Kobayashi-Hitchin correspondence
found important applications in differential topology: it allowed Donaldson to de-
scribe explicitly certain instanton moduli spaces on algebraic surfaces and to com-
pute the first Donaldson invariants. A second fundamental application of the classi-
cal Kobayashi-Hitchin correspondence was Donaldson’s non-vanishing theorem for
his polynomial invariants on algebraic surfaces. This result was based on the fun-
damental fact that the Ka¨hler class of the canonical metric of the moduli space can
be identified with a tautological cohomology class [DK]. One of the motivations of
this article is to show that this phenomenon holds in great generality.
Donaldson theory for PU(2)-connections leads naturally to moduli spaces of
projectively anti-seldual unitary connections with fixed determinant on Riemannian
4-manifolds (see [Do3]). More precisely, let E be a Hermitian vector bundle of rank
2 on a Riemannian 4-manifold (M, g), a ∈ A(det(E)) a fixed Hermitian connection.
Denote by AASDa (E) the space of connections A on E inducing a on det(E) which
satisfy the projective anti-selduality equation
(2) (F 0A)
+ = 0 .
Here F 0A is the trace-free part of the curvature FA, and (·)
+ denotes the projection
onto the self-dual summand iA2+. The moduli space which is relevant in Donaldson
theory is the quotient
MASDa (E) :=
AASDa (E)
/
Γ(M, SU(E)) .
On complex surfaces equation (2) coincides with the projective Hermite-Einstein
equation
iΛgF
0
A = 0 , F
0,2
A = 0 ,
which makes sense on arbitrary Hermitian complex manifolds and Hermitian bun-
dles. In this case the fixed connection a ∈ A(det(E)) is chosen such that F 0,2a = 0,
so that it defines a holomorphic structure D on the line bundle det(E). If the metric
g is Gauduchon one has again an isomorphism of moduli spaces
MHEa (E)
∗ KHa−−−−→ MstD(E) ,
whereMHEa (E)
∗ is the moduli space of irreducible projective Hermite-Einstein con-
nections onE inducing a on det(E), modulo the real gauge group G := Γ(X, SU(E)),
andMstD(E) is the moduli space of stable holomorphic structures on E inducing D
on det(E), modulo the complex gauge group GC := Γ(X, SL(E)).
The isomorphismKHa is an important refined version of the original Kobayashi-
Hitchin correspondenceKH . Indeed, on one hand one uses gauge groups associated
with subgroups (SU(r), SL(r)) of the structure groups, on the other hand one fixes
some of the data (a, D). The procedure of taking subgroups and fixing some of the
data is called orientation [LT2].
Another important generalization of the classical Kobayashi-Hitchin correspon-
dence concerns moduli spaces of pairs consisting of (oriented) connections or holo-
morphic structures coupled with sections in associated bundles. For instance, in the
theory of Hitchin pairs [Hi] one considers a differentiable Hermitian vector bundle
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E, a holomorphic structure D on det(E), and a fixed holomorphic bundle E0 on
X . The complex geometric problem in this case is the classification of pairs (E , ϕ)
consisting of a holomorphic structure E on E inducing D on det(E), and a section
ϕ ∈ H0(End(E)⊗E0), modulo the complex gauge group GC = Γ(X, SL(E)). In the
classical case one takes E0 := Ω
1
X [Hi], [Si].
Let a be the Chern connection of the holomorphic structure D on the Hermitian
line bundle det(E). The corresponding gauge theoretical problem concerns the
moduli space of pairs (A,ϕ) consisting of a Hermitian connection A on E inducing
a on det(E) and a section ϕ ∈ A0(End(E) ⊗ E0) such that the following Hermite-
Einstein type equation is satisfied:
iΛF 0A +
1
2
[Φ,Φ∗h ] = 0 , F 0,2A = 0
Defining stability of Hitchin pairs in an appropriate way one obtains again a
Kobayashi-Hitchin correspondence
MHEa (E, E0)
KHa,E0−−−−−→ MstD(E, E0) .
Many other important gauge theoretical problems fit into this concept, for in-
stance:
(1) Moduli spaces of vortices [Br], [GP], [HL], [Th],
(2) Moduli spaces of oriented pairs [OT1], [Te],
(3) Moduli spaces of Witten triples [W], [Bi], [Du¨].
All these Kobayashi-Hitchin type correspondences can be interpreted, at least
at a formal level, as infinite dimensional versions of the fundamental isomorphism
between symplectic quotients (defined by a moment map) and GIT quotients (cor-
responding to a suitable stability condition) [Ki].
The idea of a universal Kobayashi-Hitchin correspondence, which specializes to
all these isomorphisms of moduli spaces is therefore very natural and important.
General versions have been obtained by Banfield [Ban] for connections in principal
bundles over Ka¨hler manifolds coupled with sections in associated vector bundles,
and by Mundet i Riera [Mu] for connections in principal bundles over Ka¨hler man-
ifolds coupled with sections in associated Ka¨hlerian fibre bundles. The universal
Kobayashi-Hitchin correspondence of [LT2] deals with (oriented) pairs on Gaudu-
chon manifolds, and identifies the complex geometric stability concept correspond-
ing to the gauge theoretical equations. The final result is a universal isomorphism
KH :M∗ →Mst between a gauge theoretic moduli space M∗ of irreducible (ori-
ented) Hermite-Einstein pairs and a complex geometric moduli spaceMst of stable
(oriented) pairs.
In this very general framework it is shown that the moduli space M∗ comes
with a natural metric, which is Hermitian with respect to the complex structure
induced by the Kobayashi-Hitchin isomorphism KH and is strongly KT, i.e., its
Ka¨hler form Ω satisfies the equation ∂∂¯Ω = 0. The idea of the proof is to show that
Ω can be written as a sum Ω = Ω1+Ω2 of two terms, each term Ωi being obtained
by fibre integration. More precisely
Ω1 = pM∗(α1 ∧ p
∗
X(ω
n−1
g )) , Ω2 = (n− 1)!pM∗(α2 ∧ p
∗
X(volg)) ,
where α1 and α2 are closed forms onM∗×X . Note that α1 is a characteristic form
of the universal bundle P on M∗ × X , hence the first term Ω1 is constructed in
the same way as the de Rham representatives of the Donaldson tautological classes
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[DK]. The first goal of this article is to prove that, under very general assumptions,
the closed form α2 is also a characteristic form of P and to identify the corresponding
characteristic class explicitly. This is a highly non-trivial result whose proof is based
on a push-forward formula in equivariant cohomology. A similar, but less general
result, has been obtained with different methods by Baptista [Bap].
Therefore, assuming that d(ωn−1g ) = 0 (i.e., g is semi-Ka¨hler) one obtains a
canonical Ka¨hler metric on M∗ whose Ka¨hler form is the de Rham representative
of the sum of two Donaldson type classes. This result can be regarded as a universal
generalization of formulae obtained by Manton–Nasir [MN] and Perutz [P] in the
case of vortices on Riemann surfaces.
In order to formulate our main results, we recall briefly the formalism introduced
in [LT2] in the special case of Ka¨hler manifolds, which suffices for our purposes.
Suppose that (X, J, g) is an n-dimensional Ka¨hler manifold and π : P → X is
a principal K-bundle on X , with K a compact Lie group. We fix an epimorphism
r : K → K0 of compact Lie groups, and denote by N its kernel. Let P0 := P ×KK0
be the associated K0-bundle and fix a connection A0 ∈ A(P0) of type (1, 1).
Suppose we are given a left K-action on a Ka¨hler manifold (F, JF , gF ) by holo-
morphic isometries, and a moment map µF for this action on the corresponding
symplectic manifold (F, ωF ). We fix a K-invariant inner product k on k and we
denote by mF : F → k the k-valued map defined by µF = k(mF , ·). Let pn : k → n
be the k-orthogonal projection onto the Lie algebra n of N . The symmetric bilinear
form h : k× k→ R defined by
h(x, y) := k(pn(x), pn(y))
is K-invariant and non-degenerate on n.
Let E := P ×K F be the associated bundle. The gauge group
G := Γ(X,P ×K N)
acts from the left on the space of A0-oriented pairs AA0(P )× Γ(X,E). This space
has a natural Ka¨hler metric depending on the triple (k, g, gF ) whose Ka¨hler form
is given by the formula ([LT2] p. 66):
Ω((α, ψ), (β, χ) :=
∫
X
h(α ∧ β) ∧ ωn−1g + (n− 1)!
∫
X
ωF (ψ, χ)volg
The fundamental object associated with these data is the moduli space M∗ of
equivalence classes of irreducible oriented pairs (A,ϕ) ∈ AA0(P )×Γ(X,E) satisfy-
ing the generalized vortex equations

F 02A = 0
ϕ is A-holomorphic
pn [ΛgFA +mF (ϕ)] = 0 .
(V )
In the third equation we used the same symbol for the vector bundle epimorphism
P ×K k→ P ×K n induced by pn : k→ n.
Denote by ωM∗ the Ka¨hler form of this canonical Ka¨hler metric on the moduli
space M∗ of irreducible A0-oriented pairs. Using a standard construction one
defines a principal K-bundle P overM∗×X and a tautological K-equivariant map
Φ : P→ F , which can be regarded as a universal section in the associated F -bundle.
Our main results are:
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Theorem 3.1. The canonical Hermitian metric on M∗ is Ka¨hler and its Ka¨hler
form is
ωM∗ = pM∗,∗
[
−
1
2
[h(ΩA ∧ ΩA)] ∧ p
∗
X(ω
n−1
g ) + (n− 1)!η ∧ p
∗
X(volg)
]
,
where ΩA denotes the curvature of the universal connection, and η is the horizontal
part of Φ∗(ωF ) − 〈µF ◦ Φ,ΩA〉; η is a closed 2-form. If µF can be written as
µF = µ0 + τ , where µ0 is an exact moment map and τ ∈ k∨ is K-invariant, then
the de Rham cohomology class [ωM∗ ]DR is given by
[ωM∗ ]DR = pM∗,∗
[
−
1
2
[h(ΩA ∧ ΩA)] ∪ p
∗
X [ωg]
n−1 − (n− 1)![τ(ΩA)] ∪ p
∗
X [volg]
]
.
For the linear case we obtain a more precise result. If the chosen unitary rep-
resentation ρ : K → U(F ) satisfies a technical condition (similar to a condition in
[Bap]), then one obtains an equality between forms (not just de Rham classes).
Theorem 3.2. Let F be a Hermitian vector space, and ρ : K → U(F ) a unitary
representation. For a K-invariant linear form τ ∈ k∨ put µF := µ0 + τ , where µ0
is the standard moment map for the K-action on F .
Suppose there exists a K-invariant element a0 ∈ n such that ρ∗(a0) = iidF . Then
the Ka¨hler form ωM∗ is given by
ωM∗ = pM∗,∗
[
−
1
2
h(ΩA ∧ ΩA) ∧ p
∗
X(ωg)
n−1 − (n− 1)!τ(ΩA) ∧ p
∗
X(volg)
]
,
hence it coincides with fiber integration of a characteristic form of the connection
A on the universal bundle P.
The second goal of our article is to use these theoretical results to compute
explicitly the volumina of certain interesting moduli spaces with respect to the
canonical metric induced by the Kobayashi-Hitchin correspondence.
The computation of these volumina is not only an interesting mathematical
problem, but is also important from a physical point of view. The first computation
of such volumina is due to Manton and Nasir [MN]. These authors consider the
vortex equation with fixed parameter t = 12 on a Riemann surface (X, g) of genus
g. Assuming Volg(X) > 4πd the symmetric power X
(d) can be identified with the
moduli spaces of vortices of degree d. Their main result is the computation of the
volumina of X(d) with respect to the induced metric (see [MN], (3.22)):
Volω(X
(d)) =
min(d,g)∑
i=0
(4π)i
(
g
i
)
1
(d− i)!
(Volg(X)− 4πd)
d−i .
A partial generalization of this result is due to Baptista, who computed the
volumina of the moduli spaces of semi-local Abelian vortices when the degree d is
larger than 2g− 2 (see [Bap] (52)).
Both formulae are (up to normalization factors) special cases of the formulae
which we prove in this article (see section 3):
Let X be a compact complex manifold of dimension n, E0 a locally free sheaf of
rank r0 on X , and E a differentiable vector bundle on X . We denote by QuotEE0 the
Quot space of equivalence classes of quotients q : E0 → Q with locally free kernel
6 CHRISTIAN OKONEK AND ANDREI TELEMAN
of differentiable type E. When E is of rank 1 and m := c1(E) ∈ NS(X) we put
QuotmE0 = Quot
E
E0
.
We fix a Hermitian metric h0 on E0 and denote by A0 the associated Chern
connection. Let g be a Ka¨hler metric on X , t ∈ R a parameter and put t :=
(n−1)!Volg(X)
2pi t. The moduli spaceM
∗
t (E,A0) of irreducible t-vortices of type (E,A0)
can be identified via the Kobayashi-Hitchin correspondence with the moduli space
Mstt (E, E0) of t-stable pairs of type (E, E0), and for sufficiently large t the latter
can be identified with the Quot space QuotEE0 [OT2]. In this way we obtain natural
metrics on QuotEE0 .
Note that our moduli spaces come with a natural symmetry, since any morphism
of complex Lie groupes G → Aut(E0) induces a natural holomorphic G-action on
the moduli spaces Mstt (E, E0) and Quot
E
E0
. Our formalism yields a natural G-
equivariant lift
[ωt]
G ∈ H2G(M
st
t (E, E0),R)
of the Ka¨hler class [ωt] in terms of equivariant Chern classes of the universal bundle.
Theorem 3.6. Let E be the universal bundle on Mstt (E, E0) ×X. For any mor-
phism of Lie groups G→ Aut(E0), the class{
−4π2chG2 (E ) ∪ p
∗
X [ω
n−1
g ]− 2tπ(n− 1)!c
G
1 (E ) ∪ p
∗
X [volg]
}
/[X ]
is a lift of the Ka¨hler class [ωt] to H
2
G(M
st
t (E, E0),R).
This general result is very useful for explicit computations of volumina of moduli
spaces using localization methods.
In the case when E is a line bundle with c1(E) = m we have a natural identifi-
cation Mstt (E, E0) = Quot
E
E0
for any t > −deg(E), and
(3)
1
4π2
[ωM∗t ] = θ + (deg(E) + t)γ ,
where θ is the pull-pack of the theta class of Picm(X), and γ = −c1(E QuotE
E0
×{x0}
).
Formula (3) specializes to a result obtained by Perutz for r0 = 1 and n = 1 (see
[P] Theorem 3 ).
When X is a Riemann surface and r0 = 1, the Quot space QuotmE0 can be
identified with the symmetric power X(d), d := deg(E0) − deg(E). Using known
identities for the intersection numbers 〈θiγj, [X(d)]〉 we obtain
Volωt(Quot
E
E0) = (4π
2)d
min(d,g)∑
i=1
(
g
i
)
1
(d− i)!
(deg(E) + t)d−i ,
which (up to the normalization factor π2) specializes to the Manton-Nasir formula.
Our second application concerns the volume of the Abelian Quot spaces QuotEE0
for arbitrary r0 ≥ 1, n ≥ 1. We will say that a pair (m, E0) acyclic ifHi(L∨⊗E0) = 0
for all i > 0 and all [L] ∈ Picm(X). If this is the case then QuotEE0 is a projective
bundle over Picm(X), and we obtain an explicit formula for its volume:
Volωt(Quot
E
E0) =
(4π2)N
N !
{( N∑
k=R−1
(
N
k
)
(degg(E) + t)
N−kθk
)
∧
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(4) ∧ exp
( q∑
i=1
n−i∑
s=0
(−1)s
is!
kmsCn−i−s
)}
(h1, . . . , h2q) .
In this formula (h1, . . . , h2q) is a basis of H
1(X,Z) compatible with its natural
orientation, R := χ(L∨ ⊗ E0), and N := R+ q(X)− 1 is the dimension of QuotEE0 .
The classes Ci ∈ H2i(X,Q) are defined by the identity ch(E0)td(X) =
∑
iCi, and
for a class c ∈ H2n−k(X,Q) we denote by κc ∈ Alt
k(H1(X,Z),Q) the form defined
by
kc(x1, . . . , xk) := 〈x1 ∪ · · · ∪ xk ∪ c, [X ]〉 .
In the special case when n = 1 and E0 = O
⊕r0
X , formula (1) specializes to
Baptista’s result mentioned above.
The last section concerns the computation of the volumina of non-Abelian Quot
spaces QuotEE0 on Riemann surfaces in the case r = r0. These moduli spaces are
always smooth and projective, but their cohomology algebra is unknown. Since for
E0 = O
⊕r0
X one obtains precisely Weil’s moduli spaces of matrix divisors, we call
them moduli spaces of twisted matrix divisors. For fixed data (E, t, g) the volume
of QuotEE0 depends only on the topological type of E0, hence we can suppose that
E0 =
⊕r0
i=1 Li splits as a direct sum of holomorphic line bundles Li. In this case one
obtains a natural action of [C∗]r0 on QuotEE0 and the computation of the volume of
this moduli space can be reduced – using localization techniques – to an integration
over the fixed point locus of this action. For our computations we will use the C∗-
action on QuotEE0 induced by the morphism C
∗ → [C∗]r0 associated with a system
(w1, . . . , wr) of pairwise distinct weights. With this choice we obtain
[QuotEE0]
C
∗
=
∐
d∈I(d)
r∏
i=1
Quotli−diLi ,
where d := deg(E0)− deg(E), li := deg(Li) and
I(d) := {d = (d1, . . . , dr) ∈ N
r|
r∑
i=1
di = d} .
Using Theorem 3.6 we obtain an explicit expression for the the equivariant restric-
tions
[ωt]
C
∗ ∏r
i=1Quot
li−di
Li
.
In order to apply the localization formula we also need the equivariant Euler class of
the normal bundles of the components
∏r
i=1Quot
li−di
Li
of [QuotEE0 ]
C
∗
in QuotEE0 . For
this purpose we follow closely similar computations of Marian and Oprea [MO2].
We obtain a complicated general formula for Volωt(Quot
E
E0
), which is non-explicit
because it implicitly involves the coefficients of the Taylor expansion of a transcen-
dental function in 2r variables. However, it gives an algorithm which produces
closed formulae for small r, d. Deriving a general closed formula in terms of the
topological data (g, d, l, r) and Volg(X) is an interesting combinatorial problem.
Note that the computation of the volume of QuotEE0 gives a purely algebraic
geometric result: The moduli spaces QuotEE0 of twisted matrix divisors come with
natural Grothendieck embeddings
jn : Quot
E
E0 →֒ P(Vn)
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in projective spaces (for n≫ 0). The Ka¨hler class c1(j∗n(OVn(1))) can be identified
with a multiple of our Ka¨hler class [ωt] for a suitable choice of the parameter t,
more precisely
c1(j
∗
n(OVn(1))) =
1
4π2
[
ω 2pi(n−g)
Volg(X)
]
.
Therefore our computation of Volωt(Quot
E
E0
) yields in particular the degrees of
the images of the Quot spaces QuotEE0 under the Grothendieck embeddings.
We illustrate all this with explicit formulae in the case r = 2 and d ∈ {1, 2}.
2. General theory
2.1. Donaldson’s quotient connection. Suppose we have a G-equivariant prin-
cipalK-bundle π : P →M , whereG is a Lie group acting freely onM . By definition
this means that G acts on P by K-bundle automorphisms covering the action on
M . Suppose that the quotient M¯ := M/G has a manifold structure such that the
projection q :M → M¯ is a submersion. This implies that q is a principal G-bundle
over M¯ .
In this situation the quotient P¯ := P/G has a natural structure of a principal
K-bundle over M¯ . This bundle π¯ : P¯ → M¯ will be called the G-quotient of π.
Let A be a G-invariant connection on P . The aim of this appendix is to construct
a quotient connection A¯ on P¯ and to compute its curvature. The construction
depends on the choice of an auxiliary connection Γ on theG-bundle q :M → M¯ , i.e.,
a G-invariant distribution on M which is horizontal with respect to the projection
q :M → M¯ .1
The construction of this quotient connection follows the method explained in
[DK] for linear connections, and later in the general framework of the universal
Kobayashi-Hitchin correspondence in [LT2]. We believe that the general construc-
tion of the quotient connection and the computation of its curvature in the general
framework of quotient of principal bundles is of independent interest, so we explain
it briefly here.
We denote by θA ∈ A
1(P, k) the connection form of A and by ΓA the horizontal
distribution associated with A. The intersection (π∗)
−1(Γ)∩ΓA defines a distribu-
tion on P which is invariant with respect to both the K-action and the G-action,
and is horizontal with respect to the projection P → M¯ . Let q : P → P¯ be the
natural projection covering q :M → M¯ .
Definition 2.1. The quotient connection A¯ on the bundle π¯ : P¯ → M¯ is the
connection associated with the distribution ΓA¯ := q∗(π
−1
∗ (Γ) ∩ Γ
A).
The curvature of A¯ can be computed as follows: Let ξ¯, η¯ be vector fields on M¯ and
let ξ, η be their Γ-horizontal lifts on M . The Lie bracket [ξ, η] can be decomposed
as the sum [ξ, η]h + [ξ, η]v of its Γ-horizontal and Γ-vertical components, and one
has
[ξ, η]v = ΩΓ(ξ, η)
#
M .
In this formula we use the notation a#M for the vector field on M corresponding to
an element a ∈ g via the given (left) action, whereas ΩΓ is the curvature of the
connection defined by Γ in the G-principal bundle q : M → M¯ constructed using
1Note that G acts on M from the left so, using the standard terminology of [KN], Γ is a
connection in the principal G-bundle obtained by endowing M with the right action m·g := g−1m.
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the right action corresponding to the original left action on M . This explains why
there is no − sign in front of the right hand side.
Let ξ˜, η˜ be the A-horizontal lifts of ξ, η to P . These vector fields are obviously
sections of π−1∗ (Γ) ∩ Γ
A. Let m ∈ M and let p ∈ Pm be a lift of m in P . The
A-horizontal and A-vertical vertical components of the bracket [ξ˜, η˜] in p are:
[ξ˜, η˜]hp = [ξ, η]
∼
p = {[ξ, η]
h
m}
∼
p + {[ξ, η]
v
m}
∼
p = {[ξ, η]
h
m}
∼
p + {ΩΓ(ξm, ηm)
#
M,m}
∼
p ,
(5) [ξ˜, η˜]vp = −ΩA(ξ˜p, η˜p)
#
P,p .
On the other hand, since π : P → M is a morphism of left G-manifolds, it
follows that for every α ∈ g one has π∗(α
#
P,p) = α
#
M,m, so that the A-horizontal
component of α#P,p is {α
#
M,m}
∼
p . The A-vertical component of α
#
P,p is {θA(α
#
P,p)}
#
P,p
by definition of the connection form θA. Therefore
{α#M,m}
∼
p = α
#
P,p − {θA(α
#
P,p)}
#
P,p .
Applying this formula to α = ΩΓ(ξm, ηm) and using (2.1) we get
[ξ˜, η˜]p = [ξ˜, η˜]
h
p + [ξ˜, η˜]
v
p
= {[ξ, η]hm}
∼
p +ΩΓ(ξm, ηm)
#
P,p − {θA(ΩΓ(ξm, ηm)
#
P,p)}
#
P,p − ΩA(ξ˜p, η˜p)
#
P,p .
Now we take the image of both sides of this equality via the differential of the
projection q : P → P¯ at p. Put p¯ := q(p), and let ˜¯ξ, ˜¯η be the A¯-horizontal lifts of ξ¯
and η¯. One easily sees that the push-forwards q∗(ξ˜) and q∗(η˜) are defined and equal
to ˜¯ξ and ˜¯η respectively. From this one shows that q∗[ξ˜, η˜] = [
˜¯ξ, ˜¯η]. On the other
hand q∗
(
ΩΓ(ξm, ηm)
#
P,p
)
= 0, because the vector field ΩΓ(ξm, ηm)
#
P is tangent to
the G-orbits. Finally q∗
(
{[ξ, η]hm}
∼
p
)
is A¯-horizontal, because {[ξ, η]hm}
∼
p belongs to
π−1∗ (Γ) ∩ Γ
A. Therefore
[ ˜¯ξ, ˜¯η]pˆ = q∗
{
{[ξ, η]hm}
∼
p
}
− q∗
{{
θA(ΩΓ(ξm, ηm)
#
P,p) + ΩA(ξ˜p, η˜p)
}#
P,p
}
.
Since q is K-equivariant we have
q∗
{{
θA(ΩΓ(ξm, ηm)
#
P,p) + ΩA(ξ˜p, η˜p)
}#
P,p
}
=
{
θA(ΩΓ(ξm, ηm)
#
P,p) + ΩA(ξ˜p, η˜p)
}#
P¯ ,p¯
.
But q∗
{
{[ξ, η]hm}
∼
p
}
is A¯-horizontal and ΩA¯(
˜¯ξp¯, ˜¯ηp¯)
# = −[ ˜¯ξ, ˜¯η]v. Hence we obtain
(6)
{
ΩA¯(
˜¯ξp¯, ˜¯ηp¯)
}#
P¯ ,p¯
=
{
ΩA(ξ˜p, η˜p) + θA(ΩΓ(ξm, ηm)
#
P,p)
}#
P¯ ,p¯
.
This proves
Proposition 2.2. Let m ∈ M , p ∈ Pm, m¯ := q(m), ξ¯, η¯ ∈ Tm¯M¯ , ξ, η ∈ TmM
their Γ-horizontal lifts, ξ˜, η˜ ∈ TpP the A-horizontal lifts of ξ, η, and
˜¯ξ, ˜¯η ∈ Tp¯P¯
the A¯-horizontal lifts of ξ¯, η¯ at the point p¯ := q(p). The curvature of the quotient
connection A¯ is given by the formula
(7) ΩA¯(
˜¯ξ, ˜¯η) = ΩA(ξ˜, η˜) + θA(ΩΓ(ξ, η)
#
P,p) .
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2.2. A pushforward formula in equivariant cohomology. Let K be a com-
pact Lie group, and F a differentiable manifold endowed with a left K-action. The
Cartan algebra of the K-manifold F (see [GGK] p. 198) is the differential graded
R-algebra A∗K(F ) :=
[
R[k]⊗A∗(F )
]K
of K-invariant A∗(F )-valued polynomials on
the Lie algebra k; the grading given by deg(f ⊗ η) := 2deg(f) + deg(η), and the
differential is
(8) dK(α)(a) := d(α(a)) + ιa#(α(a)) ,
for any α ∈ R[k]⊗A∗(F ) regarded as a polynomial map k→ A∗(F ). Here a ∈ k and
a# stands for the vector field on F associated with a. The cohomology H∗K(F ) of
this algebra is canonically isomorphic to the real equivariant cohomologyH∗K(F,R).
A differentiable equivariant map F → F ′ defines a morphism of differential graded
R-algebras ϕ∗K : A
∗
K(F
′) → A∗K(F ) (given by pullback of forms), and the assign-
ment F → A∗K(F ) defines a contravariant functor on the category of K-manifolds
with values in the category of differential graded R-algebras.
In order to extend the functoriality of the assignment F → A∗K(F ) to right
K-manifolds and equivariant maps between a right and a left K-manifold, one
introduces the Cartan algebra associated with a right K-manifold P by endowing
the graded R-algebra A∗K(P ) :=
[
R[k]⊗A∗(P )
]K
with the differential
(9) dK(α)(a) := d(α(a)) − ιa#(α(a)) .
With this definition, any differentiable equivariant map ϕ : P → F from a right
K-manifold to a left K-manifold (i.e. any differentiable map ϕ : P → F satisfying
the identity ϕ(pk) = k−1ϕ(p)) induces a morphism ϕ∗K : A
∗
K(F ) → A
∗
K(P ) of
differential graded R-algebras defined by pull-back of forms. In order to see this
one uses the identity
(10) ϕ∗(a
#
p ) = −a
#
ϕ(p) ∀p ∈ P ∀a ∈ k
to show that for such a map ϕ one has ϕ∗ ◦ ιa# = −ιa# ◦ ϕ
∗ as maps from A∗(F )
to A∗(P ).
Let now π : P → B be a principal K-bundle on B. We have the standard
R-algebra isomorphism
HK(π) : H
∗(B,R) ≃−→ H∗K(P,R) .
Using the de Rham algebra of B and the Cartan algebra of the right K-manifold
P , the isomorphism HK(π) corresponds to the map HK(π) : H
∗
DR(B) → H
∗
K(P )
defined by
HK(π)([η]DR) = [π
∗(η)]C .
Here π∗(η) is regarded as a constant, K-invariant A∗(P )-valued polynomial map
on k, and [·]C denotes the Cartan cohomology class.
We will show that, choosing a connection A on the principal bundle P , one can
give an explicit formula for the inverse map HK(π)
−1 : H∗K(P )→ H
∗
DR(B).
Fix a connection A on P . We recall that a k-form β on P is called horizontal if
ιXβ = 0 for any vertical tangent vector field X , and is called basic if is horizontal
and K-invariant. The algebra A∗(P )ba of basic forms on P is d-invariant, and
the differential graded algebra (A∗(P )ba, d) can be identified with the differential
graded algebra (A∗(B), d) in the obvious way.
Denote by (·)h the projection TP → ΓA of the tangent space of P on the hor-
izontal distribution ΓA ⊂ TP defined by A. We will use the same symbol for the
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linear operator which maps a differential form on P to the corresponding horizontal
form, i.e.,
βh(X1, . . . , Xk) := β(X
h
1 , . . . , X
h
k ) .
Proposition 2.3. Let A be a connection on P and ΩA ∈ A2(P, k) its curvature
form. For any α ∈ A∗K(P ) the form α(ΩA)
h ∈ A∗(P ) is basic, the map α 7→ α(ΩA)h
defines a morphism of differential graded R-algebras
πA∗ : A
∗
K(P )→ A
∗(P )ba = A
∗(B) ,
and the induced map H(πA∗ ) : H
∗
K(P )→ H
∗
DR(B) coincides with HK(π)
−1.
This statement is similar to Proposition 7.34 in [BGV]2. For completeness we
include a short proof based on the same method.
Proof. The fact that α(ΩA)
h is basic follows from the invariance properties of α and
ΩA. The differential d
(
α(ΩA)
h
)
is automatically basic, so it suffices to compute it
on horizontal vector fields, in other words is sufficient to compute the covariant de-
rivative DA
(
α(ΩA)
)
, where DA : A
∗(P )→ A∗(P ) is defined by DA(σ) = (d(σh))h.
Fixing a basis (ai)i in k, putting ΩA = Ω
i
Aai, and using Lemma 7.31 in [BGV] we
obtain for a tensor product f ⊗ β ∈ R[k]⊗A∗(P )
DA
(
(f ⊗ β)(ΩA)) = DA
(
f(ΩA) ∧ β) =
{
d(f(ΩA) ∧ β) − Ω
i
A ιa#i
(f(ΩA) ∧ β)
}h
.
Since (dΩA)
h = 0 by Bianchi’s identity and ι
a
#
i
ΩA = 0 (because ΩA is a hori-
zontal form), we obtain
DA
(
(f ⊗ β)(ΩA)) =
{
(f(ΩA) ∧ dβ)− Ω
i
A (f(ΩA) ∧ ιa#i
β)
}h
=
{
f(ΩA) ∧ (dβ − Ω
i
A ∧ ιa#i
β)
}h
= {dK(f ⊗ β)(ΩA)}
h
.
Therefore, for every α ∈ R[k]⊗A∗(P ) (K-invariant or not) one has
DA(α(ΩA)) = {(dK(α))(ΩA)}
h .
This implies
(d ◦ πA∗ )(α) = (π
A
∗ ◦ dK)(α)
for every α ∈
[
R[k]⊗A∗(P )
]K
. The fact that the induced map H(πA∗ ) : H
∗
K(P )→
H∗DR(B) coincides with HK(π)
−1 is now obvious, since for any form η ∈ A∗(B), the
basic form πA∗ (π
∗(η)) coincides with π∗(η), so the corresponding form in A∗(B) is
η.
Remark 2.4. The Chern-Weil morphism R[k]K → Z∗DR(B) can be obtained as
the composition πA∗ ◦ j
P
K , where j
P
K : R[k]
K →֒ A∗K(P ) is the obvious embedding.
For an invariant polynomial f ∈ R[k]K , the cohomology class [πA∗ (f)]DR is the
characteristic class cf associated with f .
2Note however that, with conventions introduced in section 7.1 of [BGV], there is a sign error
in Proposition 7.34 and its proof. The proof uses the same formula (9) for both left and right
actions, and does not take into account the sign change (10).
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2.3. Sections in Hamiltonian fibre bundles. Let π : P → B be a principal
K-bundle on B, F a manifold endowed with left K-action, and let E := P ×K F
be the associated bundle with fiber F . In this section we study the morphism
H∗K(F )→ H
∗
DR(B) defined by a section ϕ ∈ Γ(B,P ×K F ).
It is well known that the data of a section ϕ in E is equivalent to the data
of a K-equivariant map P → F . We will denote the two objects by the same
symbol. Using the formalism and the results of section 2.2, we obtain a morphism
HK(ϕ
∗
K) : H
∗
K(F )→ H
∗
K(P ), hence a morphism
HK(π)
−1 ◦HK(ϕ
∗
K) : H
∗
K(F )→ H
∗
DR(B) .
This morphism coincides with H(πA∗ ) ◦ HK(ϕ
∗
K), and is given explicitly by the
formula
[α]C 7→
[
{ϕ∗K(α)(ΩA)}
h
]
via the identification A∗(B) = A∗(P )ba. The following result was stated in an
equivalent way in [LT2] section 6.2.2, where it was proved without using equivariant
cohomology as a special case of the so-called the “generalized symplectic reduction”.
Proposition 2.5. Let ω be a K-invariant symplectic form on F , and µ : F → k∨
a moment map for the K-action on the symplectic manifold (F, ω). Denote by the
same symbol also the associated comoment map k → A0(F ), which is an invariant
A0(F )-valued linear map on k. Then:
(1) dK(ω−µ) = 0, hence ω− µ defines a cohomology class [ω−µ]C ∈ H2K(F ).
(2) The basic 2-form
{ϕ∗(ω)− 〈µ ◦ ϕ,ΩA〉}
h
is closed and represents the de Rham class
HK(π)
−1 ◦HK(ϕ
∗
K)([ω − µ]C) ∈ H
2
DR(B) .
Proof. One has dK(ω−µ)(a) = d((ω−µ)(a))+ιa# ((ω−µ)(a)) = −dµ
a+ιa#(ω) = 0.
The second statement follows from Proposition 2.3.
Suppose now that
(11) ω = dθ ,
where θ is a K-invariant 1-form on F 3. In this case one has a natural moment
map µθ for the K-action on (F, ω) defined by
(12) 〈µθ, a〉 := −ιa#θ ∀a ∈ k .
Such a moment map is called exact (see [GGK] Example 2.8 p. 18). Note that θ
defines an element of A1K(F ) and formulae (11), (12) are equivalent to
(13) dK(θ) = ω − µθ .
Therefore the cohomology class [ω−µθ]C ∈ H∗K(F ) hence also its image in H
2
DR(B)
vanishes. More precisely we have
3This happens for instance when (F, ω) is a Hermitian vector space endowed with the canonical
Ka¨hlerian form, or when F is the cotangent bundle of a K-manifold endowed with the canonical
symplectic structure.
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Corollary 2.6. With the notations and assumptions of Proposition 2.5, suppose
that ω = dθ, for a K-invariant 1-form on F , and let µθ be the corresponding exact
moment map. Then ϕ∗(θ)h is a basic 1-form on P and
d(ϕ∗(θ)h) = {ϕ∗(ω)− 〈µθ ◦ ϕ,ΩA〉}
h .
Proof. Using (13) we obtain
dK(ϕ
∗θ) = ϕ∗ω − µθ ◦ ϕ in A
∗
K(P ) ,
hence π∗A(dK(ϕ
∗θ)) = π∗A(ϕ
∗ω − µθ ◦ ϕ). The right hand term coincides with
{ϕ∗(ω)− 〈µθ ◦ ϕ,ΩA〉}
h
, and the left hand term coincides with d(ϕ∗(θ)h) by Propo-
sition 2.3.
Suppose now that:
• B and F are complex manifolds and A is a (1,1)-connection on P , i.e., the
curvature FA ∈ A2(B, ad(P )) has type (1,1). This condition is equivalent to
the integrability of the almost complex structure JA on the complexification
Q := P ×K KC (see [LT2] Appendix 7.1).
• The K-action on F is induced by a holomorphic action of the complex
reductive group KC.
If these conditions are satisfied, we define:
Definition 2.7. A section ϕ : P → F is called A-holomorphic if one of the follow-
ing equivalent conditions is satisfied:
• (dϕ)h : ΓA → TF commutes with the almost complex structure induced via
π∗ : ΓA → TB on the horizontal distribution ΓA of A.
• the KC-equivariant map Q→ F induced by ϕ is JA-holomorphic.
Suppose now that ω = 14dd
cν, where ν is a K-invariant real function on F , and
the operator dc is defined as dc := i(∂¯ − ∂) = J−1dJ . For a tangent vector X and
a smooth function σ one has dc(σ)(X) = −dσ(JX).
In this case we obtain an obvious integral of ω – namely θν :=
1
4d
cν – hence also
an associated exact moment map µθν which we simply denote by µν .
For an equivariant map ϕ : P → F we denote by ν(ϕ) ∈ A0(B) the real function
defined by ν(ϕ) ◦ π = ν ◦ ϕ. If now ϕ : P → F is A-holomorphic, we obtain
(14) {ϕ∗(dcν)}h = π∗(dc(ν(ϕ)))
by evaluating both sides on a horizontal tangent vector.
Corollary 2.8. With the notations and under the assumptions above suppose that
ω = 14dd
cν, A is a (1,1)-connection on P , and ϕ is A-holomorphic. Then
(15)
1
4
ddc(ν(ϕ)) = {ϕ∗(ω)− 〈µν ◦ ϕ,ΩA〉}
h ,
where the basic form on the right has been regarded as a 2-form on B.
Example: Let (F, hF ) be a Hermitian vector space, and νF : F → R the U(F )-
invariant real function defined by νF (v) := hF (v, v). The Ka¨hler form ωF associated
with hF can be written as
ωF =
i
2
∂∂¯νF =
1
4
ddcνF .
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Put θF :=
1
4d
cνF . Note that θF is U(F )-invariant and
(16) ωF = dθF .
Let now ρ : K → U(F ) be a unitary representation, and let 〈·, ·〉k be an ad-
invariant inner product on the Lie algebra k of K. The standard moment map
µ0 : F → k
∨ for theK-action on F defined by ρ is the exact moment map associated
with the K-invariant form θF , i.e., it is given by
〈µ0, a〉 = −ιa#θF ∀a ∈ k .
A simple computation shows that
µ0(v)(a) =
〈
ρ∗
(
−
i
2
v ⊗ v∗
)
, a
〉
k
=
〈
−
i
2
v ⊗ v∗, ρ∗(a)
〉
u(F )
,
where the adjoint is computed with respect to 〈·, ·〉k and the standard inner product
〈·, ·〉u(F ) on the Lie algebra u(F ) of skew-Hermitian endomorphisms of F .
Definition 2.9. A unitary representation ρ : K → U(F ) is said to contain the
homotheties of F if there exists a K-invariant element a0 ∈ k such that ρ∗(a0) =
iidF .
For such an element a0 one has
(17) µ0(v)(−2a0) = 〈v ⊗ v
∗, idF 〉iu(F ) = hF (v, v) = νF (v) .
2.4. Families of connections and sections. Let C be a manifold and G a Lie
group with a free action on C such that the quotient manifold B := C/G exists and
the projection C → B becomes a principal G-bundle. We allow both C and G to be
infinite dimensional. Fix a connection Γ0 in this principal bundle.
Let X be a closed d-dimensional manifold, P a principal K-bundle on X , and
u : G → Aut(P ) = Γ(X,P ×Ad K)
a morphism of Lie groups. It is important that u is not supposed to be surjective;
in many interesting examples G is the subgroup of Aut(P ) associated with a normal
subgroup of K.
Definition 2.10. A smooth G-equivariant family of connections on P is a smooth
map a : C → A(P ) given by a family (Ac)c∈C such that
(18) Agc = u(g)∗(Ac) ∀g ∈ G ∀c ∈ C .
Examples: 1. Let E, E0 be Hermitian vector bundles or rank r, r0 on X and
A0 a fixed connection on A0. A pair of type (E,E0) is a pair (A,ϕ) consisting
of a Hermitian connection on E and a section ϕ ∈ A0(X,E∨ ⊗ E0). In [OT2] we
gave a gauge theoretical construction of certain Quot spaces. In this construction
we used as configuration space the space of irreducible pairs of type (E,E0), i.e.,
the subspace of pairs (A,ϕ) ∈ A(E) × A0(X,E∨ ⊗ E0) with trivial stabilizer with
respect to the gauge group G := Γ(X,U(E)).
In this case we have K = U(r) × U(r0), P := PE ×X PE0 is the product of the
frame bundles associated with E and E0, and u is the obvious embedding of G in
Aut(P ). The map a sends a pair (A,ϕ) to the product connection A × A0. The
configuration space and gauge group of the classical vortex equation is obtained
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as special case of this construction taking (E0, A0) to be the trivial Hermitian line
bundle endowed with the trivial connection.
2. With the same notations as above let now a0 be a fixed connection on the
determinant U(1)-bundle det(E). We denote by Aa0(E) the space of a0-oriented
connections on E, i.e., the space of Hermitian connections on E inducing a0 on
det(E). In the theory of master spaces [OT1] one considers as configuration space
the space of irreducible a0-oriented pairs of type (E,E0), i.e., the subspace of pairs
(A,ϕ) ∈ Aa0(E)×Γ(X,E
∨⊗E0)) with trivial stabilizer with respect to the natural
action of the gauge group G := Γ(X, SU(E)).
Put P := C × P and note that the projection π : P → C × X is a principal
K-bundle. We define left G-actions on C ×X and P by
g(c, x) := (gc, x) , g(c, p) := (gc, u(g)(p)) .
The bundle P comes with a tautological connection A whose horizontal space
at a point (c, p) ∈ P is TcC × ΓAcp . In other words A agrees with the trivial
(product) connection in the C direction (in which P is trivial), and for every c ∈ C
its restriction to {c} × P coincides with Ac. Consider points c ∈ C, x ∈ X , p ∈ Px
and tangent vectors α1, α2 ∈ TcC, v1, v2 ∈ TxX . Denote by v˜1, v˜2 ∈ TpP the
Ac-horizontal lifts of v1, v2. Then one has
(19) ΩA((α1, v˜1), (α2, v˜2)) = ΩAc(v˜1, v˜2) + ιv2a∗(α1)− ιv1a∗(α2) .
The equivariance property (18) implies that A is G-invariant. On the other hand,
the fixed connection Γ0 on the principal G-bundle C → B defines a connection Γ on
the principal G-bundle C ×X → B ×X , whose horizontal distribution is given by
Γc,x := Γ0,c ⊕ TxX . The curvature of Γ is
(20) ΩΓ((α1, v1), (α2, v2)) = ΩΓ0(α1, α2) ∀α1, α2 ∈ Γ0,c, ∀v1, v2 ∈ TxX .
Denote by P the quotient bundle P := P¯ on the quotient manifold B × X .
As explained in section 2.1, the connection Γ can be used to define the quotient
connection A = A¯ on the quotient K-bundle π¯ : P → B × X , whose curvature is
given by Proposition 2.2. In order to write down explicitly this curvature, we need
an explicit formula for the second term of the right hand side in (7).
Remark 2.11. Let ν ∈ Lie(G), u∗(ν) ∈ A0(P×ad k) the corresponding infinitesimal
automorphism of P , ν#P the induced vector field on P = C ×P , and let p = (c, p) ∈
P. Then
θA(ν
#
P,p) = u∗(ν)p ,
where on the right u∗(ν) has been regarded as a K-equivariant map P → k and
u∗(ν)p ∈ k is the value of this map at p.
Proof. Indeed, ν#P,p = (ν
#
C,c, u∗(ν)
#
p ) = (ν
#
C,c, (u∗(ν)p)
#
p ). Since (ν
#
C,c, 0) is A-
horizontal and θA agrees with the connection form θAc on {c}×P , the claim follows
from the properties of a connection form.
Applying Proposition 2.2 to our situation we get
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Proposition 2.12. Let c ∈ C, [c] its image in B. Let a1, a2 ∈ T[c]B, and denote by
αi the corresponding Γ0-horizontal lifts. Consider points x ∈ X, p ∈ Px, tangent
vectors v1, v2 ∈ TxX, and let v˜i ∈ ΓAcp ∈ TpP be their Ac-horizontal lifts. Put
ξi := (ai, vi) ∈ T([c],x)(B × X) and denote by ξ˜i ∈ T[c,p]P their A-horizontal lifts.
Then
(21) ΩA(ξ˜1, ξ˜2) = ΩAc(v˜1, v˜2) + ιv2a∗(α1)− ιv1a∗(α2) + {u∗ΩΓ0(α1, α2)}p .
Proof. Indeed, Proposition 2.2 together with Remark 2.11 gives
ΩA(ξ˜1, ξ˜2) = ΩA((α1, v˜1), (α2, v˜2)) + θA(ΩΓ((α1, v1), (α2, v2))
#
P,(c,p))
= ΩA((α1, v˜1), (α2, v˜2)) + {u∗ΩΓ((α1, v1), (α2, v2))}p .
Now use (19) and (20).
As a corollary we obtain the following formula which computes characteristic
forms of degree 2 of the connection A.
Corollary 2.13. Let h : k×k→ R be an ad-invariant symmetric bilinear form. Let
c ∈ C, x ∈ X, p ∈ Px, a1, a2 ∈ T[c]B, v1, v2 ∈ TxX, and let αi ∈ Γ0,c, v˜i ∈ Γ
Ac
p be
horizontal lifts of ai, vi with respect to the connections Γ0, Ac respectively. Denote
by h(ΩA ∧ ΩA) ∈ A4(B ×X) the characteristic form obtained from ΩA by coupling
the wedge square with h. Then:
−
1
2
h(ΩA ∧ΩA)(a1, a2, v1, v2) = h(a∗(α1) ∧ a∗(α2))(v1, v2)−
−h(u∗ΩΓ0(α1, α2)p,ΩAc)(v˜1, v˜2) .
Proof. See [DK], [LT2].
Note that the term h(u∗ΩΓ0(α1, α2)p,ΩAc)(v˜1, v˜2) is independent of the choice
of p in the fibre Px, so we can omit the symbol p in this expression and write
h(u∗(ΩΓ(α1, α2)),ΩAc)(v1, v2). With this convention the formula above yields the
following identity in A2(X):
(22) −
1
2
h(ΩA ∧ ΩA)(a1, a2) {[c]}×X = h(a∗(α1)∧a∗(α2))−h(u∗ΩΓ0(α1, α2),ΩAc) .
Let now be F be a differentiable manifold endowed with a left K-action and let
E := P ×K F be the associated bundle with fibre F . Let (ϕc)c∈C be a G-equivariant
family of sections in E parameterized by our configuration space C, i.e., a smooth
map φ : C → Γ(X,E) such that
ϕgc = u(g)∗(ϕ) ∀g ∈ G, ∀c ∈ C .
Here we denote by u(g)∗ : Γ(X,E)→ Γ(X,E) the push-forward map associated
with g. Identifying sections in E with the corresponding K-equivariant maps P →
F , we can write
u(g)∗(ϕ) = ϕ ◦ g
−1 .
Note that such a family φ defines a G-invariant,K-equivariant map C×P → F given
by (c, p) 7→ ϕc(p). This map descends to a K-equivariant map P = C × P/G → F ,
i.e., to a section Φ in the universal F -bundle E := P×K F over B ×X , which will
be called the universal section of the family.
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Suppose now that ωF is a symplectic form on F , the K-action on F is symplectic
and admits a moment map µF : F → k∨.
By Proposition 2.5 applied to the universal section Φ and the quotient connection
A on the principal K-bundle π¯ : P→ B ×X it follows that the basic form
{Φ∗(ωF )− 〈µF ◦ Φ,ΩA〉}
h
is closed and represents the cohomology class
HK(π¯)
−1 ◦HK(Φ)([ωF − µF ]C) ∈ H
2
DR(B ×X) .
Let η = η(φ, ωF , µF ) ∈ Z2DR(B×X) be the closed form on B×X which corresponds
to this basic form. For tangent vectors ai ∈ T[c]B, horizontal lifts αi ∈ Γ0,c of ai,
and p ∈ P we have
(23) η([c],x)(a1, a2) = ωF (Φ∗(α1),Φ∗(α2))− 〈µF (ϕc(p)), u∗ΩΓ0(α1, α2)p〉 .
For a fixed point x ∈ X the term 〈µ(ϕc(p)), u∗ΩΓ0(α1, α2)p〉 is independent of
the choice of p ∈ Px, so we can omit the symbol p and interpret the expression
〈µ(ϕc), u∗ΩΓ0(α1, α2)〉 as a smooth function on X . With this convention, formula
(23) above becomes
(24) η(a1, a2) {[c]}×X = ωF (Φ∗(α1),Φ∗(α2))− 〈µF (ϕc), u∗ΩΓ0(α1, α2)〉 .
Now we fix forms w ∈ Ad−2(X), v ∈ Ad(X), and a K-invariant symmetric
bilinear form h on k. Define G-invariant closed 2-forms ωv, ωw ∈ A2(C) by
ωw(α1, α2) :=
∫
X
h(a∗(α1), a∗(α2)) ∧w , ωv(α1, α2) :=
∫
X
ωF (Φ∗(α1),Φ∗(α2))v .
The horizontal projections ωhw, ω
h
v with respect to the connection Γ are basic forms
on the G-bundle C → B, so they can be interpreted as 2-forms on the base B of this
bundle. Note that general these forms are not closed.
We define µv,w : C → Lie(G)∨ by
〈µv,w(c), s〉 :=
∫
X
h(u∗(s),ΩAc ∧ w) + 〈µF (ϕc), u∗(s)〉v .
When w is closed, this map satisfies the axioms of a moment map for the G-
action on C with respect to the closed form ωv,w := ωw + ωv which of course can
be degenerate in general.
Denote by pB∗ : A
∗(B × X) → A∗(B) fibre integration associated with the
projection pB : B × X → B. Using formulae (22), (24) and the definition of µv,w
we obtain the following important identity:
(25) ωhv,w = pB∗
[
−
1
2
[h(ΩA ∧ ΩA)] ∧ p
∗
X(w) + η ∧ p
∗
X(v)
]
+ pB∗〈µv,w,ΩΓ0〉 .
This proves:
Theorem 2.14. The restriction of the form ωhv,w to the quotient N := Z(µv,w)/G
is closed and is given by
ωhv,w N = pN∗
[
−
1
2
[h(ΩA ∧ ΩA)] ∧ p
∗
X(w) + η ∧ p
∗
X(v)
]
.
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By Corollary 2.6 we know that the form η is exact when the moment map µF is
exact. Hence:
Corollary 2.15. Suppose w is closed, µF = µ0 + τ , where µ0 is exact and τ ∈ k∨
is K-invariant. The one has
[ωhv,w N ] = pN∗
[
−
1
2
[h(ΩA ∧ ΩA] ∪ p
∗
X [w]− [τ(ΩA)] ∪ p
∗
X [v]
]
in H2DR(N ).
Note that each term of the right hand side of this formula can be written as the
slant product of a characteristic class of the bundle P with a homology class of X .
3. Applications
3.1. Ka¨hler forms of canonical Hermitian metrics and tautological classes.
3.1.1. The general setting. We now apply the results obtained in section 2.4 to the
families of connections and sections associated with the universal gauge theoreti-
cal problem introduced in section 1. We will obtain the main theorems Theorem
3.1 and Theorem 3.2 stated in the introduction as corollaries of Theorem 2.14 above.
Let r : K → K0 be an epimorphism of compact Lie groups with kernel N . Fix
a K-invariant inner product k on k and denote by pn : k → n the k-orthogonal
projection onto the Lie algebra n of N . The symmetric bilinear form h : k× k→ R
defined by
h(x, y) := k(pn(x), pn(y))
is K-invariant and non-degenerate on n. Suppose we are given a left K-action on
a Ka¨hler manifold (F, JF , gF ) by holomorphic isometries, and a moment map µF
for this action on the corresponding symplectic manifold (F, ωF ). We denote by
mF : F → k the k-valued map defined by µF = k(mF , ·).
Let now (X, J, g) be a n-dimensional Ka¨hler manifold, π : P → X a principal
K-bundle on X and P0 := P ×KK0 the associated K0-bundle. We fix a connection
A0 ∈ A(P0) of type (1, 1) (our “orientation data”).
Let E := P ×K F be the associated bundle with fiber F . The gauge group of
our moduli problem is
G := Γ(X,P ×K N)
and acts from the left on the space of A0-oriented pairs AA0(P ) × Γ(X,E). This
space has a natural Ka¨hler metric depending on the triple (k, g, gF ) whose Ka¨hler
form is given by the formula ([LT2] p. 66):
Ω((α, ψ), (β, χ) :=
∫
X
h(α ∧ β) ∧ ωn−1g + (n− 1)!
∫
X
ωF (ψ, χ)volg .
In order to avoid technical problems we will concentrate on the configuration
space of irreducible oriented pairs. Let C∗ := [AA0(P ) × Γ(X,E)]
∗ be the open
subspace of irreducible oriented pairs , i.e., of pairs (A,ϕ) ∈ AA0(P )×Γ(X,E) with
trivial stabilizer with respect to the G-action. After suitable Sobolev completions
the projection C∗ → B∗ := C∗/G becomes a principal G-bundle. We endow this
bundle with the connection Γ0 defined by L
2-orthogonality to the G-orbits4 [LT2].
4The construction can be extended to the non-Ka¨hlerian framework and yields a strongly KT
Hermitian metric on the moduli space, but one has to use a different connection Γ0 [LT1], [LT2].
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Note that we have a tautological family (Ac)c∈C∗ of connections, and a tauto-
logical family (ϕc)c∈C∗ of sections parameterized by C∗. The corresponding maps
a, φ are given by the projections onto the two factors.
The gauge theoretical moduli space M∗ corresponding to the data above is the
space of equivalence classes of pairs (A,ϕ) ∈ C∗ satisfying the generalized vortex
equations 

F 02A = 0
ϕ is A-holomorphic
pn [ΛgFA +mF (ϕ)] = 0 .
(V )
In the third equation we used the same symbol for the bundle epimorphism P×Kk→
P ×K n induced by pn : k→ n.
Taking w = ωn−1g and v = (n − 1)!volg =
1
n
ωng , we obtain for s ∈ Lie(G) =
A0(P ×K n)
〈µv,w(A,ϕ)), s〉 =
∫
X
h(s, FA ∧ ω
n−1
g ) + (n− 1)!〈µF (ϕ), s〉volg
=
∫
X
h(s, FA ∧ ω
n−1
g ) + (n− 1)!k(s,mF (ϕ))volg
= (n− 1)!
∫
X
{h(s, pnΛgFA) + k(s, pn(mF (ϕ))} volg
= (n− 1)!
∫
X
{h(s, pnΛgFA) + h(s, pn(mF (ϕ))} volg
= (n− 1)!
∫
X
h(s, pn(ΛgFA +mF (ϕ)))volg.
This shows that the third equation in (V ) is equivalent to the vanishing of the
moment map µv,w introduced above. On the other hand, using the fact that the
restriction of h to n×n is an inner product one can prove easily that the restriction of
the form ωhv,w onM
∗ is non-degenerate. This form coincides with the Ka¨hler form
of the standard Hermitian metric gM∗ on M∗ associated with the pair (h n×n, gF )
(see [LT2]). Therefore, using Theorem 2.14 and Corollary 2.15 we obtain
Theorem 3.1. The canonical Hermitian metric on M∗ is Ka¨hler and its Ka¨hler
form is
ωM∗ = pM∗,∗
[
−
1
2
[h(ΩA ∧ ΩA)] ∧ p
∗
X(ω
n−1
g ) + (n− 1)!η ∧ p
∗
X(volg)
]
,
with η := {Φ∗(ωF )− 〈µF ◦ Φ,ΩA〉}
h
, which is a closed 2-form. If µF can be written
as µF = µ0+ τ , where µ0 is an exact moment map and τ ∈ k∨ is K-invariant, then
the de Rham cohomology class [ωM∗ ]DR is given by
[ωM∗ ]DR = pM∗,∗
[
−
1
2
[h(ΩA ∧ ΩA)] ∪ p
∗
X [ωg]
n−1 − (n− 1)![τ(ΩA)] ∪ p
∗
X [volg]
]
.
Note that, by formula (24) the term τ(ΩA) coincides with τ(ΩΓ0), hence this
term depends only on the restriction τ n.
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Theorem 3.2. Let F be a Hermitian vector space, and ρ : K → U(F ) a unitary
representation. For a K-invariant linear form τ ∈ k∨ put µF := µ0 + τ , where µ0
is the standard moment map for the K-action on F .
Suppose there exists a K-invariant element a0 ∈ n such that ρ∗(a0) = iidF . Then
the Ka¨hler form ωM∗ is given by
ωM∗ = pM∗,∗
[
−
1
2
h(ΩA ∧ ΩA) ∧ p
∗
X(ωg)
n−1 − (n− 1)!τ(ΩA) ∧ p
∗
X(volg)
]
,
hence it coincides with fiber integration of a characteristic form of the connection
A on the universal bundle P.
Proof. Since µF = µ0 + τ and the form η depends linearly on µF one has
ωM∗ − pM∗,∗
[
−
1
2
h(ΩA ∧ ΩA) ∧ p
∗
X(ωg)
n−1 − (n− 1)!τ(ΩA) ∧ p
∗
X(volg)
]
= (n− 1)!pM∗,∗ (η0 ∧ p
∗
X(volg)) ,
where
η0 = {Φ
∗(ωF )− 〈µ0 ◦ Φ,ΩA〉}
h
.
By Corollary 2.8 we obtain on B∗ ×X the identity
η0 =
1
4
ddc|Φ|2 ,
where the universal section Φ has been regarded as a section in the Hermitian vector
bundle E := P×K F on B∗ ×X . Therefore it suffices to prove that
pM∗,∗(dd
c|Φ|2 ∧ p∗X(volg)) = 0 .
Since the operators d, dc commute with the fibre integration associated with a
holomorphic map we have
pM∗,∗(dd
c|Φ|2 ∧ p∗X(volg)) = dd
c
{
pM∗,∗(|Φ|
2 ∧ p∗X(volg))
}
.
Since a0 ∈ n is K-invariant by assumption, it defines a section a˜0 ∈ A0(P ×K n).
Taking the L2 inner product of the third equation in (V ) with a˜0 we compute
0 = 〈ΛFA, a˜0〉L2 + 〈m0(ϕ), a˜0〉L2 + τ(a0)Volg .
The first term is a characteristic number of P , so is a constant. On the other hand
by formula (17) we obtain:
〈m0(ϕ), a˜0〉L2 = −
1
2
∫
X
|ϕ|2volg .
This implies that the map
[A,ϕ] 7→
∫
X
|ϕ|2
is constant on M. But this map coincides with pM∗,∗(|Φ|2 ∧ p∗X(volg)).
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3.1.2. Vortex moduli spaces. Let E, E0 be Hermitian vector bundles on X of ranks
r, r0, PE , PE0 the associated frame bundles, and t ∈ R. Fix a Hermitian connection
A0 of type (1, 1) on E0, and let Mt =Mt(E,E0, A0) be the moduli space of pairs
(B, s) ∈ A(E)×A0(Hom(E,E0)) solving the t-vortex equation:

F 02B = 0
∂¯B,A0s = 0
iΛFA −
1
2s
∗ ◦ s+ tidE = 0
(Vt(E,E0, A0))
modulo the gauge group G := Γ(X,U(E)). This moduli problem can be obtained
as a special case of the universal moduli problem (V ) considered in Theorem 3.2 by
taking K = U(r)×U(r0), N = U(r), F := Hom(Cr,Cr0) with the obvious unitary
representation ρ : K → U(F ), with bundle P := PE ×X PE0 , and moment map
mF (f) = (
i
2
f∗ ◦ f − itidCr ,−
i
2
f ◦ f∗) .
Note that the space AA0(P ) can be identified with the space A(E) of Hermitian
connections on E. We put C∗ := [A(E) × A0(Hom(E,E0))]∗ and use the quotient
construction to define a universal connection B on the universal vector bundle
E := C
∗ × E/
G
over B∗ ×X .
We use the standard inner product k((a, a0), (b, b0)) = −Tr(ab) − Tr(a0b0) on
u(r)⊕u(r0). With this choice we get h((a, a0), (b, b0)) = −Tr(ab) and µF = µ0+ τ ,
where τ(a, a0) = itTr(a). This yields
τ(ΩA) = 2πtc1(B) , h(ΩA∧ΩA) = −Tr(ΩB∧ΩB) = 4π
2(c1(B)
2−2c2(B)) = 8π
2ch2 ,
where ch2 :=
1
2c
2
1 − c2 stands for the second component of the Chern character.
Theorem 3.2 gives
Proposition 3.3. The natural Ka¨hler form on the moduli space
M∗t =M
∗
t (E,E0, A0)
of irreducible solutions of (Vt) is given by
(26) ωM∗t = pM∗t ,∗
[
−4π2ch2(B) ∧ p
∗
X(ω
n−1
g )− 2tπ(n− 1)!c1(B) ∧ p
∗
X(volg)
]
,
where B denotes the universal connection on the universal bundle E := C∗ × E/G
on M∗t ×X.
Remark 3.4. Let L0 be a holomorphic line bundle on X of Chern class l0 ∈ NS(X),
χ0 a Hermite-Einstein metric on L0, a0 the corresponding Hermite-Einstein con-
nection on the Hermitian line bundle (L0, χ0), and γ0 the first Chern form of a0.
Then the moduli spaces M∗t (E,E0, A0) and M
∗
t−2piΛγ0
(E ⊗ L0, E0 ⊗ L0, A0 ⊗ a0)
can be identified via the map [B, s] 7→ [B⊗ a0, s⊗ idL0 ] and the Ka¨hler forms given
by formula (26) correspond via this identification.
Proof. Let C∗, C˜∗ be the configuration spaces of irreducible pairs associated with the
two data systems (E,E0), (E⊗L0, E0⊗L0) respectively, B∗, B˜∗ the corresponding
quotients, E → B∗ ×X , E˜ → B˜∗ ×X the corresponding universal bundles, and B,
B˜ the corresponding universal connections. Using the formula
iΛFB⊗a0 = iΛFB + 2πΛγ0
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we see that the map j : C∗ → C˜∗ given by j(B, s) = (B⊗a0, s⊗idL0) maps the space
of solutions of the equation (Vt(E,E0, A0)) bijectively onto the space of solutions
of the equation (Vt−2piΛγ0 (E ⊗ L0, E0 ⊗ L0, A0 ⊗ a0)). We have
([j]× idX)
∗(E˜) = E⊗ p∗X(L0) , ([j]× idX)
∗(B˜) = B⊗ p∗X(a0) ,
([j]× idX)
∗(c1(B˜)) = c1(B) + rp
∗
X(γ0) ,
([j]× idX)
∗(2c2(B˜)− c
2
1(B˜)) = (2c2(B)− c
2
1(B))− 2c1(B) ∧ p
∗
X(γ0)− rp
∗
X(γ
2
0) .
The statement follows now by direct computation.
Let A¯(E) be the space of semi-connections onE, C¯s := [A¯(E)×A0(Hom(E,E0))]
s
the space of simple pairs of type (E, E0) endowed with the natural action of the com-
plex gauge group GC := Γ(X,GL(E)), and B¯s the quotient
B¯s := C¯
s/
GC
(see [OT2] p. 559 for details). After suitable Sobolev completions (which will again
be omitted) this quotient becomes an infinite dimensional complex space. As in
the real gauge theoretical framework we obtain a universal bundle
E := C¯
s × E/
GC
of rank r on the product B¯s × X . Fixing a holomorphic structure E0 on E0 we
obtain a finite dimensional complex subspace
Ms =Ms(E, E0) ⊂ B¯
s ,
called the moduli space of simple holomorphic pairs of type (E, E0) and the restric-
tion of E to Ms ×X is holomorphic.
Choosing E0 to be the holomorphic structure onE0 defined by the semi-connection
∂¯A0 , we obtain a map KH : B
∗ → B¯s induced by (B, s) 7→ (E∂¯B , s : E∂¯B → E0).
Note that one has an obvious isomorphism
(27) (KH × idX)
∗(E ) ≃ E
and an obvious inclusion KH(M∗t ) ⊂M
s. The image of this inclusion is given by
the Kobayashi-Hitchin correspondence for twisted holomorphic pairs (see Theorem
2.7 [OT2]):
Theorem 3.5. The map (B, s) 7→ (E∂¯B , s : E∂¯B → E0) induces a real analytic
isomorphism
KH :M∗t (E,E0, A0)
≃−→ Mstt (E, E0)
onto the moduli space of t-stable pairs of type (E, E0) with t :=
(n−1)!Volg(X)
2pi t.
In order to save on notations we will denote by the same symbol ωt the Ka¨hler
form ωM∗t defined above and also its image under the isomorphism KH .
Let G → Aut(E0) be a morphism of Lie groups. Then G acts naturally on the
space A¯(E) × A0(Hom(E,E0)) of pairs of type (E, E0) leaving invariant the holo-
morphy, the simplicity, and the t-stability conditions. Since this action commutes
with the action of the complex gauge group GC, it induces a G-action on B¯s leaving
invariant the finite dimensional subspaces Ms and Mstt (E, E0).
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Our Proposition 3.3 combined with the Kobayashi-Hitchin correspondence given
by Theorem 3.5 and the isomorphism (27) has an important consequence: the
Ka¨hler class ωt has a natural lift in equivariant cohomology.
Theorem 3.6. For any morphism of Lie groups G→ Aut(E0) the class{
−4π2chG2 (E ) ∪ p
∗
X [ω
n−1
g ]− 2tπ(n− 1)!c
G
1 (E ) ∪ p
∗
X [volg]
}
/[X ]
is a lift of the Ka¨hler class [ωt] to H
2
G(M
st
t (E, E0),R).
Proof. Put Mstt := M
st
t (E, E0). Using the trivial action on the second factor the
product Mstt ×X becomes a G-space, and one has natural isomorphisms
H∗G(M
st
t ×X,R) ≃ H
∗(EG×G (M
st
t ×X),R) ≃ H
∗((EG×GM
st
t )×X),R)
≃ H∗G(M
st
t ,R)⊗H
∗(X,R) .
Therefore the slant product with the fundamental class [X ] is well defined on both
cohomology algebras H∗(Mstt ×X,R), H
∗
G(M
st
t ×X,R), and defines a commutative
diagram
HjG(M
st
t ×X,R) ✲ H
j(Mstt ×X,R)
Hj−2nG (M
st
t ,R)
/[X ]
❄
✲ Hj−2n(Mstt ,R)
/[X ]
❄
for any j ∈ N. Since the equivariant Chern classes cGk (E ) are lifts of the classes
ck(E ) to equivariant cohomology, and fiber integration pM∗t ,∗ induces the morphism
/[X ] in de Rham cohomology, the result follows from formula (26).
In [OT2] we have also shown that, for sufficiently large t, the moduli space
Mstt (E, E0) can be identified with the Quot space Quot
E
E0
of quotients of E0 with
locally free kernel of C∞-type E.
Remark 3.7. The natural identification Mstt (E, E0) = Quot
E
E0
(for t≫ 0) is equi-
variant with respect to the Aut(E0)-actions on the two spaces. Via this identification
the restriction of the universal bundle E to QuotEE0 ×X coincides (as an Aut(E0)-
bundle) with the universal kernel associated with this Quot space.
In order to save on notations we denote the restrictions of the universal bundles
E and E to Mstt (E, E0) × X and M
∗
t (E,E0, A0) × X respectively by the same
symbols. Using Theorem 3.5 and the isomorphism (27) we obtain
Remark 3.8. Suppose that t is sufficiently large such that the isomorphism KH
defines a real analytic isomorphism
KH :M∗t (E,E0, A0)→ Quot
E
E0 .
Via this isomorphism the underlying C∞-bundle of the pull-pack of the univer-
sal kernel E on QuotEE0 × X can be identified with the universal bundle E on
M∗t (E,E0, A0)×X.
In the case r = 1 the identification Mstt (E, E0) = Quot
E
E0
holds for t > −
degg(E)
rk(E)
[OT2], and we get a more explicit formula for the Ka¨hler class [ωM∗ ]. Denote by
B(E) the space of gauge classes of Hermitian connections on the Hermitian line
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bundle E. Recall that B(E) can be identified with the total space of a vector
bundle over the torus of Yang-Mills connections on E (which can be identified via
the classical Kobayashi-Hitchin correspondence with Picc1(E)(X)).
Therefore we have a well defined isomorphism δ : H1(X,Z)/Tors→ H1(B(E),Z),
which can be regarded as an element of H1(B(E),Z)⊗H1(X,Z). Denote by ν the
natural map B∗ → B(E). The Ku¨nneth decomposition of c1(E) is
(28) c1(E) = −γ ⊗ 1 + (ν × idX)
∗δ + 1⊗ c1(E) ,
where γ = −c1(E B∗×{x0}) for a fixed point x0 ∈ X . Let (hi) be a basis of the free
Z-module H1(X,Z)/Tors, (h
i) the dual basis of H1(X,Z) and
hij := 〈h
i ∪ hj ∪ [ωn−1g ], [X ]〉 .
Then
(29) [pB∗ ]∗(c
2
1(E) ∪ p
∗
X([ω
n−1
g ]) = −2ν
∗(θ)− 2degg(E)γ ,
where
θ :=
∑
i<j
hij δ(hi) ∪ δ(hj) .
With this notations we get
(30) [ωM∗t ] =
{
4π2
(
ν∗(θ) + degg(E)γ
)
+ 2tπ(n− 1)!Volg(X)γ
}
M∗t
.
In order to save on notations, from now on we agree to denote by the same symbols
the restrictions of the classes θ, γ to Picc1(E)(X) and M∗t respectively. We also
agree to use the same symbol θ for the pull-back of this class via ν. With this
convention we obtain the simple formula
(31)
1
4π2
[ωM∗t ] = θ + (degg(E) + t)γ ,
which specializes to a formula obtained by Perutz (see Theorem 3 [P]) for r0 = 1
and n = 1.
3.2. Volumina of Abelian Quot spaces. Let X be compact complex manifold,
let E0 be a locally free sheaf of rank r0 on X , and let E be a differentiable vector
bundle of rank r. As above we denote by QuotEE0 the Quot space of quotients
q : E0 → Q of E0 with locally free kernel C∞-isomorphic to E. Since locally-freeness
is an open condition in flat families it follows that QuotEE0 is an open subspace of
the Douady space QuotE0 . This Quot space is characterized by obvious universal
properties.
For r = 1 the bundle E is a differentiable line bundle, hence its differentiable
isomorphism type is determined by its Chern class. Therefore in this case is con-
venient to fix m ∈ NS(X) and to denote by QuotmE0 the Quot space of quotients
q : E0 → Q of E0 with locally free kernel of rank 1 and Chern class m. We will give
an explicit description of certain Quot spaces of this type. We begin with a simple
flatness criterion:
Lemma 3.9. Let π : X → B be a morphism of complex spaces, and let F
j
−→ E be
a morphism of coherent sheaves on X such that E is flat over B. Then the following
two conditions are equivalent:
(i) For every b ∈ B the restriction jb : FXb → EXb of j to the fibre Xb of π is a
sheaf monomorphism.
(ii) j is a monomorphism and the quotient Q := E/j(F) is flat over B.
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Proof. For b ∈ B and x ∈ Xb the natural morphism
jbx : Fx ⊗Ob C→ Ex ⊗Ob C
induced by j is just the morphism induced by jb between these stalks. Therefore (i)
is equivalent to the injectivity of jbx for every b ∈ B, x ∈ Xb. Fix b ∈ B, x ∈ Xb and
note that Ex is a flat Ob-module by assumption. By Corollary 1.5 p. 165 [BS] j
b
x is
a monomorphism if and only if jx : Fx → Ex is a monomorphism and coker(jx) is
a flat Ob-module.
Remark 3.10. The hypothesis of Lemma 3.9 and condition (i) of this lemma are
satisfied when π is a flat morphism, F , E are locally free, and for any b ∈ B the
following two conditions hold:
(i) the fiber Xb is smooth,
(ii) the restriction jb : FXb → EXb is a generically injective morphism of vector
bundles over Xb.
Therefore, by Lemma 3.9, in this case Q := E/j(F) is flat over B.
Note that the statement holds even if the total space X is not reduced.
Now we come back to our situation: let X be a compact complex manifold.
Definition 3.11. A pair (m, E0) consisting of a class m ∈ NS(X) and a holomor-
phic bundle E0 of rank r0 on X is called acyclic if
hi(L∨ ⊗ E0) = 0 ∀i > 0 , ∀[L] ∈ Pic
m(X) .
Examples: 1. Suppose that X is a smooth projective manifold, H an ample divi-
sor on X and (m, E0) is a pair consisting of a class m ∈ NS(X) and a holomorphic
vector bundle E0. Using Serre’s vanishing theorem and the compactness of Pic
m(X)
one shows easily that for all sufficiently large k ∈ N the pair (m, E0(kH)) is acyclic.
2. Suppose now that X is a curve, m ∈ Z and E0 is a polystable bundle on X
with deg(E0) > r0m + 2r0(g(X) − 1). Then for every [L] ∈ Pic
m(X) the bundle
K ⊗ E∨0 ⊗ L admits a Hermite-Einstein metric with negative Einstein constant, so
that H0(K⊗E∨0 ⊗L) = 0. Using Serre duality we see that the pair (m, E0) is acyclic.
Let Lm be a Poincare´ line bundle on Pic
m(X)×X normalized with respect to
x0 ∈ X . Denote by π, p the projections
π : Picm(X)×X → Picm(X) , p : Picm(X)×X → X .
When the pair (m, E0) is acyclic QuotmE0 can be identified with a projective bundle
over Picm(X). The proof is based on the universal property of a Quot space.
Proposition 3.12. Suppose the pair (m, E0) is acyclic.
(i) The sheaf V := R0π∗(L
∨
m ⊗ p
∗(E0)) on Pic
m(X) is locally free.
(ii) ch(V ) = π∗
(
ch(L ∨m ⊗ p
∗(E0)) ∪ p
∗(td(X))
)
.
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(iii) Let ν : P(V )→ Picm(X), pX : P(V )×X → X, ρ : P(V )×X → P(V ) be the
natural projections, and let
E := (ν × id)∗(Lm)⊗ ρ
∗(OV (−1)) .
There exists a tautological monomorphism j : E → p∗X(E0) such that the
corresponding quotient Q of p∗X(E0) is flat over P(V ).
(iv) The obtained epimorphism u : p∗X(E0)→ Q defines an isomorphism
P(V ) ≃−→ QuotmE0 .
Proof. Since the pair (m, E0) is acyclic we have h0(L∨ ⊗ E0) = χ(L∨ ⊗ E0), which
is a topological invariant of the pair (m, E0), hence it is constant with respect to
[L] ∈ Picm(X). The first statement follows from Grauert’s locally freeness theorem.
The second statement is a consequence of the Grothendieck-Riemann-Roch theorem
for families taking into account that Riπ∗(L
∨
m ⊗ p
∗(E0)) = 0 for i > 0. For the
third statement note that the evaluation morphism
ev : Lm ⊗ π
∗(V )→ p∗(E0)
on Picm(X)×X can be regarded as an element of
H0(L ∨m⊗π
∗(V )∨⊗p∗(E0)) = H
0
(
(ν × idX)∗
(
(ν × idX)
∗(L ∨m)⊗OV (1)⊗ p
∗
X(E0)
))
= H0
(
Hom
((
ν × idX)
∗(Lm)⊗OV (−1), p
∗
X(E0)
))
,
hence it defines a morphism (ν × idX)∗(Lm) ⊗ OV (−1) → p∗X(E0) of sheaves on
P(V )×X . Using Remark 3.10, Lemma 3.9 it follows that the corresponding mor-
phism
j : (ν × idX)
∗(Lm)⊗OV (−1)→ p
∗
X(E0)
is a sheaf monomorphism and the corresponding quotient Q is flat over P(V ).
The fourth statement is a consequence of the third. It suffices to prove that the
quotient epimorphism p∗X(E0)→ Q satisfies the universal property of the tautolog-
ical quotient over QuotmE0 .
Let Y be an arbitrary complex space and qX : Y ×X → X , qY : Y ×X → Y the
projections on the two factors. Let v : q∗X(E0)→ Q be an epimorphism of coherent
sheaves on Y ×X , such that Q is flat over Y and the kernel F := ker(v) is fiberwise
locally free of rank 1 and with Chern class m. Since Q is flat over Y it follows that
F is flat over Y as well. Therefore F is a line bundle over Y × X and, using the
universal property of the Picard group, there exists a morphism α : Y → Picm(X),
a line bundle M on Y and a line bundle isomorphism
β : F → q∗Y (M)⊗ (α× idX)
∗(Lm)
over Y ×X . Since the base change property holds for R0π∗(L ∨m⊗p
∗(E0)), we obtain
isomorphisms
α∗(V ) ≃ (qY )∗((α× id)
∗(L ∨m ⊗ p
∗(E0)) ≃ (qY )∗((α × id)
∗(Lm)
∨ ⊗ q∗X(E0)) .
On the other hand, the monomorphism ι : F →֒ q∗X(E0) defines a section σ in
F∨ ⊗ q∗X(E0) which is fiberwise non-trivial by Lemma 3.9. Using the isomorphism
β we obtain a fiberwise non-trivial section
s ∈ H0 (q∗Y (M)
∨ ⊗ (α× id)∗(Lm)
∨ ⊗ q∗X(E0)) ,
hence a nowhere vanishing section (qY )∗(s) in
(qY )∗(q
∗
Y (M)
∨⊗(α×id)∗(Lm)
∨⊗q∗X(E0)) =M
∨⊗(qY )∗ ((α × id)
∗(Lm)
∨ ⊗ q∗X(E0))
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=M∨ ⊗ α∗(V ) .
Therefore (qY )∗(s) identifiesM with a line subbundle of α∗(V ). This line subbun-
dle induces a morphism λ : Y → P(V ) with ν ◦ λ = α. It is now easy to see that
the epimorphism v can be identified with the pull-back of u via λ, and that λ is
the unique morphism Y → P(V ) which induces such an identification.
Let again (hi) be a basis of H1(X,Z)/Tors, and let δ : H1(X,Z)/Tors →
H1(Picm(X),Z) be the natural isomorphism. Put λi := δ(hi) ∈ H1(Pic
m(X),Z).
Then one has δ =
∑
i λi ⊗ h
i. Now put hI := hi1 ∪ · · · ∪ hik , λI := λi1 ∪ · · · ∪ λik ∈
Hk(Picm(X),Z). Then a simple computation shows that
δk = (−1)
k(k−1)
2
∑
I⊂{1,...b}
|I|=k
λI ⊗ h
I .
Therefore, for any class c ∈ H2n−k(X,Z) one can write
π∗(δ
k ∪ p∗(c)) = (−1)
k(k−1)
2 π∗


∑
I⊂{1,...b}
|I|=k
λI ⊗ (h
I ∪ c)


= (−1)
k(k−1)
2
∑
I⊂{1,...b}
|I|=k
〈hI ∪ c, [X ]〉λI .
In particular
π∗(δ
2 ∪ p∗[ωn−1g ]) = −
∑
i,j
〈hi ∪ hj ∪ [ωn−1g ], [X ]〉 = −2θ .
Identifying H∗(Picm(X),Z) = Alt∗(H1(X,Z),Z) we have
λI(h
j1 , . . . , hjk) = ǫJI ,
π∗(δ
k ∪ p∗(c))(hj1 , . . . , hjk) = (−1)
k(k−1)
2
∑
I⊂{1,...b}
|I|=k
〈hI ∪ c, [X ]〉ǫJI .
Note that ∑
I⊂{1,...b}
|I|=k
hIǫJI = k! h
J .
This proves:
Remark 3.13. For a class c ∈ H2n−k(X,Z) define kc ∈ Alt
k(H1(X,Z),Z) by
kc(x
1, . . . xk) := 〈x1 ∪ · · · ∪ xk ∪ c, [X ]〉 .
Using the canonical identification Altk(H1(X,Z),Z) = Hk(Picm(X),Z) one has
π∗(δ
k ∪ p∗(c)) = (−1)
k(k−1)
2 k! kc .
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Let ωt be the Ka¨hler form induced on QuotmE0 via the Kobayashi-Hitchin corre-
spondence KH . Using Remark 3.8 and formula (30) we obtain a formula for the
cohomology class [ωt] in terms of the classes γ and θ defined in section 3.1.
In our case, by Proposition 3.12 (iii) we get γ = c1(OV (1)), hence
[ωt] = 4π
2
(
ν∗(θ) +mγ
)
+ 2tπ(n− 1)!Volg(X)γ
= 4π2ν∗(θ) +
(
4π2m+ 2tπ(n− 1)!Volg(X)
)
γ ,
with
m := 〈m ∪ [ωg]
n−1, [X ]〉 = degg(E) , θ =
∑
i<j
hijδ(hi) ∪ δ(hi) ∈ H
2(Picm(X)) ,
hij := 〈h
i ∪ hj ∪ [ωn−1], [X ]〉 .
Put
A := 4π2, Bt := 4π
2m+2tπ(n−1)!Volg(X), R := rk(V ), q :=
b1(X)
2
, N := q+R−1 .
The volume Vt of the Ka¨hler manifold (QuotmE0 , ωt) is
Vt =
1
N !
∫
P(V )
[Aν∗(θ) +Btγ]
N .
Projecting onto Picm(X) and using formula (4.3) of [ACGH] we get
Vt =
1
N !
∑
R−1≤k≤N
(
N
k
)
AkBN−kt
〈
θk ∪ ν∗(γ
N−k), [Picm(X)]
〉
(32) =
1
N !
∑
R−1≤k≤N
(
N
k
)
AkBN−kt
〈
θk ∪ sq−k(V ), [Pic
m(X)]
〉
,
where sj(V ) denotes the j-th Segre class of V . The classes chi(V ) can be computed
using Proposition 3.12 (ii) and the result is
chi(V ) = π∗
(
1
(2i)!
δ2i ∪ p∗
(
e−m ∪ ch(E0)td(X)
)(n−i))
.
Now decompose
ch(E0)td(X) =
∑
Ci
with Ci ∈ H2i(X,Q). Then, using Remark 3.13 we obtain
chi(V ) =
1
(2i)!
n−i∑
s=0
(−1)s
s!
π∗
(
δ2i ∪ p∗ (msCn−i−s)
)
=
n−i∑
s=0
(−1)i+s
s!
kmsCn−i−s .
Using formula (1.2) p. 156 in [ACGH] we see that the Chern polynomial of V
is given by
1 +
∑
ci(V ) = exp
(
∞∑
i=1
(−1)i+1
i
chi(V )
)
,
hence the Segre polynomial is
1 +
∑
si(V ) = exp
(
∞∑
i=1
(−1)i
i
chi(V )
)
= exp
(
q∑
i=1
n−i∑
s=0
(−1)s
is!
kmsCn−i−s
)
.
Suppose now that the basis (hi) ofH1(X,Z)/Tors was chosen such that the image
inH1(X,O) of the dual basis (hi) is compatible with the complex orientation. With
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this choice the linear form 〈·, [Picm(X)]〉 on H2q(Picm(X),Z) corresponds to the
linear form
φ→ φ(h1, . . . , h2q)
on Alt2q(H1(X,Z),Z). Using (3.2) and noting AkBN−kt = (4π
2)N (deg(E) + t)N−k
we obtain
Vt =
(4π2)N
N !
{( N∑
k=R−1
(
N
k
)
(degg(E) + t)
N−kθk
)
∧
∧ exp
( q∑
i=1
n−i∑
s=0
(−1)s
is!
kmsCn−i−s
)}
(h1, . . . , h2q) .
This shows that Vt is a polynomial function in t whose coefficients are determined
by the cohomology classes [ωg], m, chi(E0), and tdi(X).
3.3. Volumina of moduli spaces of twisted matrix divisors. In this section
we will compute the volume of a Quot space QuotEE0 in the special case when r = r0
and the base X is a complex curve of genus g. Since X is a curve, C∞ bundles
of rank r0 on X are classified up to isomorphism by their degree, hence the Quot
space QuotEE0 is the space of coherent subsheaves E →֒ E0 with rk(E) = r0 and
deg(E) = deg(E). An element (E →֒ E0) ∈ QuotEE0 defines a sheaf monomorphism
∧r(E) →֒ ∧r(E0), hence Quot
E
E0
= ∅ for deg(E0) < deg(E) and Quot
E
E0
reduces to
the singleton {idE0} when deg(E0) = deg(E). We put d := deg(E0) − deg(E) and
we suppose that d ≥ 0.
Recall the following well known result:
Proposition 3.14. Let X be a complex curve, E0 (respectively E) a holomorphic
(respectively differentiable) vector bundle of rank r0 on X. Denote by E and Q the
universal kernel and the universal quotient on QuotEE0 × X. The space Quot
E
E0
is
smooth of dimension rd, and there is a canonical identification
(33) TQuotE
E0
≃−→ ρ∗(E
∨ ⊗Q) ,
where ρ : QuotEE0 ×X → Quot
E
E0
denotes the projection onto the first factor.
3.3.1. The Abelian case. With the notations and under the conditions above sup-
pose that r = r0 = 1. In this case the Quot space QuotEE0 can be identified with
the symmetric power X(d) and, via this identification, the universal kernel E and
the universal quotient Q on QuotEE0 × X can be identified with O(−∆) ⊗ p
∗
X(E0)
and p∗X(E0)⊗O∆ respectively. Here ∆ is the tautological divisor of X
(d) ×X . By
Proposition 3.14 we obtain a canonical isomorphism
(34) TQuotE
E0
≃−→ ρ∗(O(∆)∆) .
By formula (28) the Ku¨nneth decomposition of c1(E ) reads
(35) c1(E ) = −γ ⊗ 1 + δ + deg(E)⊗ {X} ,
where {X} ∈ H2(X,Z) stands for the cohomological fundamental class of X and
we denote by the same symbol the pull-back of δ via the map
ν × idX : Quot
E
E0 ×X → Pic
deg(E)(X)×X .
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Furthermore, formula (29) gives
(36) c21(E )/[X ] = −2θ − 2deg(E)γ ,
where we use the same symbol for the pull-back of θ ∈ H2(Picdeg(E)(X),Z) via the
morphism ν : QuotEE0 → Pic
deg(E)(X).
The numbers obtained by evaluating the classes γd−jθj on the fundamental class
of QuotEE0 can be computed explicitly, and the result is:
(37) 〈γd−jθj , [QuotEE0 ]〉 =
{
g!
(g−j)! for 0 ≤ j ≤ g
0 for j > g
This is the classical Poincare´ formula (see for instance [ACGH] p. 343), but can
also be obtained as a special case of Theorem 3.8 in [OT2] by interpreting these
numbers as gauge theoretical Gromov-Witten invariants. Using this formula and
our formula (31) for the Ka¨hler class [ωt] on Abelian moduli spaces we obtain for
the volume of QuotEE0 the formula:
Vt(Quot
E
E0) = (4π
2)d
min(d,g)∑
i=1
(
g
i
)
1
(d− i)!
(deg(E) + t)d−i
Up to the normalization factor π2 it specializes to the Manton-Nasir formula [MN]
for the volume of X(d) when E0 = OX and t =
1
2 .
Let now Ei, Li (i ∈ {1, 2}) be differentiable, respectively holomorphic line bun-
dles on X , and let Qi := Quot
Ei
Li
, Ei and Qi be the associated, Quot spaces,
universal kernels and universal quotients. Put li := deg(Li), mi := deg(Ei),
di := deg(Li)− deg(Ei).
Consider the product Q12 := Q1 × Q2 and denote by ρ12 : Q12 × X → Q12,
pi : Q12 → Qi, qi := pi × idX : Q12 ×X → Qi × X the natural projections. For
later computations we will need the characteristic classes of the push-forward:
N12 := (ρ12)∗ {q
∗
1(E1)
∨ ⊗ q∗2(Q2)} ,
which is a locally free sheaf of rank d2 on Q12. Since the higher direct images of
the right hand sheaf on Q12 vanish, we obtain by the Grothendieck-Riemann-Roch
theorem
(38) ch(N12) = (−g¯+ l2 −m1 − θ1)e
γ1 + (g¯+m1 −m2 + (θ1 + θ2 + σ12))e
γ1−γ2 ,
where θi, γi stand for the pull-backs of the corresponding classes on Qi and
σ12 := (ρ12)∗(q
∗
1(δ1) ∪ q
∗
2(δ2)) .
Since Q12 has torsion-free integral cohomology, formula (38) implies
(39) ct(N12) =
(1 + tγ1)
−g¯+l2−m1 e−
tθ1
1+tγ1
(1 + t(γ1 − γ2))−g¯−m1+m2 e
−
t(θ1+θ2+σ12)
1+t(γ1−γ2)
.
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3.3.2. The Grothendieck embedding. We begin with a simple result which shows
that the Ka¨hler classes associated with any Grothendieck embedding of QuotEE0 in
a projective space coincides (up to a universal factor) with the Ka¨hler class induced
from the moduli space M∗t (E,EA, A0) via the Kobayashi-Hitchin correspondence
for a suitable choice of the parameter t. Therefore our computation will also give
the degree of this Quot space with respect to the corresponding Grothendieck em-
bedding.
Fix x0 ∈ X , and let n ∈ N be sufficiently large so that h
1(E0(nx0)) = h
1(E(nx0)) =
0 for every E ⊂ E0 with deg(E) = m. Put
V := H0(E0(nx0)) , s := deg(E) + r0(n− g+ 1) .
We obtain a holomorphic map ιn : QuotEE0 → Grs(V ) given by
ιn(E ⊂ E0) := H
0(E(nx0)) ⊂ V .
The map ιn is an embedding for sufficiently large n ∈ N, hence composing with
the Plu¨cker embedding Pl : Grs(V )→ P(∧s(V )) we obtain a projective embedding
jn := Pl ◦ ιn : Quot
E
E0 → P(∧
s(V )) .
Denote by U the tautological subbundle of Grs(V ). We have obvious isomorphisms
Pl∗(O∧s(V )(1)) ≃ det(U)
∨ , ι∗n(U) ≃ ρ∗(E (nx0)) .
Here we used the notation E (nx0) := E ⊗ p∗X(O(nx0)). Therefore
c1(j
∗
n(O∧s(V )(1))) = −c1(ρ∗(E (nx0)) .
Denote by {X} ∈ H2(X,Z) the cohomological fundamental class of X and put
g¯ := g − 1. Since R1ρ∗(E(nx0)) = 0, we obtain using the Grothendieck-Riemann-
Roch theorem:
c1(j
∗
n(O∧s(V )(1))) = −c1(ρ!(E (nx0)) =
−ρ∗
{
ch(E )p∗X(e
n{X} ∪ (1− g¯{X})
}(2)
= −ρ∗ {ch(E )p
∗
X(1 + (n− g¯){X})}
(2)
= ρ∗ (−ch2(E )− (n− g¯)c1(E ) ∪ p
∗
X({X}))
On the other hand, by formula (26) the class of the Ka¨hler metric ωt on Quot
E
E0
induced from the moduli space Mt(E,EA, A0) via the Kobayashi-Hitchin corre-
spondence (see Remark 3.8) is
[ωt] = 4π
2ρ∗
[
−ch2(E )−
tVolg(X)
2π
c1(E ) ∧ {X}
]
.
Here g is a Ka¨hler metric on X . This proves:
Proposition 3.15. The Ka¨hler class c1(j
∗
n(O∧s(V )(1))) of the Grothendieck em-
bedding jn : QuotEE0 → P(∧
s(V )) compares to the Ka¨hler class [ωt] induced from the
moduli space Mt(E,EA, A0) via the Kobayashi-Hitchin correspondence as follows:
(40) c1(j
∗
n(O∧s(V )(1))) =
1
4π2
[
ω 2pi(n−g¯)
Volg(X)
]
.
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3.3.3. Localization. Suppose that E0 decomposes as
E0 = ⊕
r
i=1Li ,
where Li are line bundles on X . Putting li := deg(Li) we have
l :=
r∑
i=1
li = deg(E0) .
Let
I(d) := {d = (d1, . . . , dr) ∈ N
r|
r∑
i=1
di = d}
be the set of weak length r decompositions of d. For every d ∈ I(d) define
Qd :=
r∏
i=1
Quotli−diLi .
Note that we have an obvious embedding
jd : Q
d → QuotEE0
defined by
jd(E1, . . .Er) :=
r⊕
i=1
Ei
for every system (E1, . . .Er) of rank 1 subsheaves Ei ⊂ Li with deg(Ei) = li − di.
Remark 3.16. For every d ∈ I(d) there is a canonical isomorphism
(41) E Qd ≃
r⊕
i=1
(p
d
i × idX)
∗(E
d
i ) ,
where p
d
i : Q
d → Quotli−diLi denotes the projection onto the i-th factor, and E
d
i
stands for the universal kernel on Quotli−diLi ×X.
Endow now the moduli space QuotEE0 with the C
∗-action associated with the
morphism C∗ → Aut(E0) given by z 7→
⊕r
i=1 z
wiidLi (see Remark 3.6). Note that
for every d ∈ I(d) one has Qd ⊂ [QuotEE0 ]
C
∗
and, endowing the universal kernel E
d
i
with the C∗-action z 7→ zwi id
E
d
i
, the isomorphism (41) becomes an isomorphism of
C∗-bundles over the trivial C∗-space Qd. We will need the equivariant first Chern
class of the right hand summands. Via the standard isomorphism H∗
C∗
(Qd,R) ≃
H∗(Qd,R)[u] we get by (35), (36) formulae of the form:
(42) cC
∗
1 (E
d
i ) = −(γ
d
i − wiu)⊗ 1 + δ
d
i + (li − di)⊗ {X} ,
(43) cC
∗
1 (E
d
i )
2/[X ] = −2θ
d
i − 2(li − di)(γ
d
i − wiu) ,
where γ
d
i , δ
d
i , Θ
d
i are the classes associated with the Quot space Quot
li−di
Li
as ex-
plained in section 3.3.1. On the other hand, by Theorem 3.6 and Remarks 3.7, 3.8
we know that the class
Ωt :=
[
−chC
∗
2 (E )−
tVolg(X)
2π
cC
∗
1 (E ) ∪ {X}
]
/[X ]
is a lift of 14pi2 [ωt] in H
2
C∗
(QuotEE0 ,R).
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Using Remark 3.16 and the additivity of the equivariant Chern character with
respect to direct sums we obtain
Ωt Qd =
r∑
i=1
(p
d
i )
∗
{[
−
1
2
cC
∗
1 (E
d
i )
2 −
tVolg(X)
2π
cC
∗
1 (E
d
i ) ∪ {X}
]
/[X ]
}
(44) =
r∑
i=1
[(s
d
i γ
d
i + θ
d
i )− s
d
iwiu] ,
where
s
d
i := t
Volg(X)
2π
+ (li − di) ,
and on the right we have omitted the symbol (p
d
i )
∗ in front of (siγ
d
i + θ
d
i ) to save
on notations.
We will also need the equivariant Euler class of the normal bundle NQd of Q
d
in QuotEE0 . Using the isomorphism (33) together with cohomology and base change
we obtain the direct sum decompositions
(45) TQuotE
E0
Qd =
⊕
i,j
(p
d
ij)
∗N
d
ij , NQd =
⊕
i6=j
(p
d
ij)
∗N
d
ij .
Here N
d
ij denotes the rank dj bundle on the product Quot
li−di
Li
×Quot
lj−dj
Lj
studied
in section 3.3.1, and p
d
ij denotes the projection of Q
d onto this product. These
decompositions are C∗-invariant and C∗ acts with weight wj −wi on the summand
N
d
ij . Using (39) we obtain
eC
∗
(N dij) = ((wj − wi)u)
djc 1
(wj−wi)u
(Nij)
= ((wj − wi)u)
dj
[
1 + 1(wj−wi)uγi
]−g¯−li+di+lj
e
−
θi
(wj−wi)u+γi[
1 + 1(wj−wi)u (γi − γj)
]−g¯−li+di+lj−dj
e
−
θi+θj+σij
(wj−wi)u+(γi−γj)
=
((wj − wi)u + γi)
−g¯−li+di+lj e
−
θi
(wj−wi)u+γi
((wj − wi)u+ (γi − γj))
−g¯−li+di+lj−dj e
−
θi+θj+σij
(wj−wi)u+(γi−γj)
.
By (45) this gives
eC
∗
(NQd) =
∏
i6=j
((wj − wi)u+ γi)
−g¯−li+di+lj e
−
θi
(wj−wi)u+γi
((wj − wi)u+ (γi − γj))
−g¯−li+di+lj−dj e
−
θi+θj+σij
(wj−wi)u+(γi−γj)
= (−1)g¯(
r
2 )+(r−1)(l−d)
∏
i6=j ((wj − wi)u + γi)
−g¯−li+di+lj e
−
θi
(wj−wi)u+γi∏
i<j ((wj − wi)u + (γi − γj))
−2g¯ .
From now on we suppose that the weights wi are pairwise distinct. This implies
{QuotEE0}
C
∗
=
∐
d∈I(d)
Qd ,
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so that we can use the integration formula ([AB] (3.8)) to compute the volume Vt
of QuotEE0 with respect to the Ka¨hler form
1
4pi2ωt:
Vt =
1
(rd)!
∑
d∈I(d)
〈{
([Ωt] Qd)
rd
eC∗(NQd)
}
,
[
Qd
]〉
Here the expression
(Ωt Qd
)rd
eC
∗ (N
Qd
)
is regarded as an element in the ringH∗(Qd,R)[[u, u−1]].
The degree with respect to u of the terms with coefficients in H2d(Qd,R) is 0, hence
the formula above yields a real number.
Using our formulae for [Ωt] and e
C
∗
(NQd) we obtain the following formula for
the volume Vt:
Vt = (−1)
g¯( r2 )+(r−1)(l−d)
1
(rd)!
∑
d∈I(d)
(46)
〈
(
r∑
i=1
[(s
d
i γ
d
i + θ
d
i )− s
d
iwiu]
)rd∏
i6=j
(
(wj − wi)u+ γ
d
i
)g¯+li−di−lj
e
θ
d
i
(wj−wi)u+γ
d
i
∏
i<j
(
(wj − wi)u+ (γ
d
i − γ
d
j )
)2g¯ , [Qd]
〉
,
where
s
d
i = t
Volg(X)
2π
+ li − di .
Formula (3.3.3) provides an algorithm which generates explicit formulae for Vt:
• For d ∈ I(d), w = (w1, . . . , wr) ∈ C
r (with wi 6= wj for i 6= j) and u ∈ C
∗
put
F dw,u(x1, y1, . . . , xr, yr) :=(
r∑
i=1
[(s
d
i xi + yi)− s
d
iwiu]
)rd∏
i6=j
((wj − wi)u+ xi)
g¯+li−di−lj e
yi
(wj−wi)u+xi
∏
i<j
((wj − wi)u+ (xi − xj))
2g¯
,
and write explicitly the multi-homogeneous part∑
αi+βi=di
[F dw]α1,β1...,αr,βrx
α1
1 y
β1
1 . . . x
αr
r y
βr
r
of multi-degree (d1, . . . , dr) in the Taylor expansion of F
d
w,u at 0 . This ex-
pression has degree 0 with respect to u, hence we omitted u in the notation
of the coefficients.
• Write
Vt =
1
(rd)!
∑
d∈I(d)
∑
αi+βi=di
[F dw]α1,β1...,αr,βr
r∏
i=1
g(g− 1) . . . (g− βi + 1) .
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This final result is independent of the (pairwise distinct) weights wi. One
can use the freedom to choose the weights wi in order to simplify the com-
putations (see for instance [MO2]).
Using this algorithm to produce a closed formula for arbitrary r, d and l seems
to be difficult. We have computed the following examples:
Examples: Let r = 2 and put µ := µ(E0) =
l
2 , t =
tVolg(X)
2pi .
(1) d = 1:
Vt = t+ µ+ g¯ .
(2) d = 2, l even:
Vt =
1
4!
{
4(t+ µ+ g¯)
[
3(t+ µ+ g¯)− 4
]
− 6g¯
}
.
For tn =
2pi(n−g¯)
Volg(X)
(or, equivalently, tn := n− g¯) one gets the degree of the image
of the Grothendieck embedding jn : Quot
E
E0
→ P(∧s(V )).
(1) d = 1:
deg(jn(Quot
E
E0)) = 2n+ l .
(2) d = 2 l even:
deg(jn(Quot
E
E0)) = (2n+ l)[3(2n+ l)− 8]− 6g¯ .
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